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ELECTROMAGNETIC ENERGY DEPOSITION IN A CONCENTRIC
SPHERICAL MODEL OF THE HUMAN OR ANIMAL HEAD

INTRODUCTION

The head is modeled by several homogeneous regions of tissue bound-
ed by one or two members of a family of concentric spheres. These tis-
sues include brain, cerebrospinal fluid (CSF), dura, bone, subcutaneous

fat, and skin tissue. We assume that this complex of biological material

is exposed to nonionizing electromagnetic radiation taking the form of a
time-harmonic plane wave of peak amplitude, Eo. The time variation
factor, exp(-iwt), has been suppressed in most of the discussion.

Wave propagation is in the positive z-direction, and the electric field,
E, is linearly polarized in the x-direction (Fig. 1). A rectangular-
spherical coordinate system with origin at the center of an inner core
sphere is used. Also, the medium surrounding the concentric spherical
model is taken as free space (or vacuum). Thus our embedding medium is
a nonconductor, and both the surrounding medium and the model are non-
magnetic. Each region (p =1,...,N-1) into which the model is parti-
tioned is homogeneous, isotropic, and possesses a unique dielectric
constant and conductivity. A1l magnetic permeabilities are considered
to have the value unity. The value "p = N" is reserved for reference

to the containing medium.

The need for a multilayer model and the inadequacy of (1) ignoring
the relatively thin outer structures, or (2) carrying out a volume
average of the electrical properties of the regions can be seen by
looking at Figure 2 for the case of the rhesus monkey. There graphi-
cally displayed, for comparison purposes, are three superimposed dis-
tributions of absorbed-power density along the z-axis. The monkey-head
models consist of (1) pure brain tissue, (2) tissue with average volume
of electrical properties of the structural components in Figure 1, and
(3) unique tissues represented in Figure 1. The predicted distributions
are based on l-volt-per-meter intensity incident wave at 3 GHz.




Figure 1. Electromagnetic plane wave impinging on a head
model composed of an inner core sphere and five
spherical shells.

Dimensions of structural media and electrical parameter values were
extracted from a table that was produced by Shapiro et al. (13). Table
1 presents such information. Contour plots--Figures 3 (¢ = 0), 4 (¢ =
n/2), and 5--are likewise based on information offered by Table 1.

The linear plot, Figure 6, and the contour plots--Figures 7 (4 = 0),
8 (¢ = n/2), and 9--are founded on the entries of Table 2, an extraction
froma paper by Weil (15). Incident plane-wave characteristics are
l1-volt-per-meter intensity and 1-GHz freguency. Other parameter values
pertinent to the computations for graphical construction are given in
Table 2.
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TABLE 1.

RHESUS-MONKEY-HEAD DATA

Region Tissue Thickness Radius of Relative Conductivity,a
(p) modeled (cm) surface dielectric %
bou:dary, constant,? (mho/m)
p €
(cm) P
. 1 Brain sphere 2.68 42.0 2.0
"\ 2 CSF 0.20 2.88 77.0 1.9
: 3 Dura 0.05 2.93 45.0 2.5
. 4 Bone 0.20 3.13 5.0 0.2
5 5 Fat 0.07 3.20 5.0 0.2
- 6 Skin 0.10 3.30 45.0 2.5
¥ 3t T =237°C and f = 3 GHz.
é;
[ &
: TABLE 2. IDEALIZED HUMAN-HEAD DATA
Region Tissue Thickness Radius of Relative Conductivity,a

(p) modeled (cm) surface dielectric o,

g bouadary, constant,® (mho/m)
€
(cm) P

1 Brain sphere 9.10 60.00 0.90

2 CSF 0.20 9.30 76.00 1.70
f 3 Dura 0.05 9.35 45,00 1.00

4 Bone 0.40 9.75 8.50 0.11
: 5 Fat 0.15 9.90 5.50 0.08
{ 6 Skin 0.10 10.00 45.00 1.00

At f = 1 GHz.
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Figure 7. Distribution of power density in a

10-cm-radius sphere, a model of the
human head, at 1 GHz. (E-plane)
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Noruniform distribution of the absorbed energy inside of spheres
gives rise to the internal appearance of "hot spots." Kritikos and
Schwan (5) showed that "hot spots" appear in lossy, homogeneous, brain-
like material spheres for the range of values of the radius and frequen-
cy: 0.1<R<8 cm and 300<f<1200 MHz. Shapiro et al. (13) and Weil (15)
have shown the existence of hot spots inside multilayered spheres.

Each has taken into account the importance of the frequency dependence
of the sphere electrical properties. What precise conditions will pre-
cipitate the phenomenon are still not well known. We do know that the
radius ¢f the sphere and frequency, among others, do play a significant
role. Occurrence takes place at the front surface or inside the head.
It is a phenomenon that is importantly connected to small animals and
infants.

The concentric spherical model represents one step forward in
approximating reality as compared to the single, homogeneous sphere.
Even so, the shortcomings of this model are to be found in (1) shape,
(2) electrical properties, (3) thicknesses of tissue media, (4) assump-
tion of tissue media being homogeneous and isotropic, and (5) inoperative
conduction, convection, and radiation-heat-transfer mechanisms. The
present computer program will be updated in the near future by an
attempt to incorporate the mechanism of blood flow (along with other
features). This may result in an appreciable reduction in the temper-
ature rise now calculated.

The knowledge to be gleaned from this current research is directly
related to the research effort of the Radiation Sciences Division at the
USAF School of Aerospace Medicine. Briefly, here studies are being con-
ducted to (1) determine the radiofrequency radiation-induced effects in
biological specimens, (2) seek out possible hazards to personnel in a
radiofrequency environment, (5) accurately measure and determine the
distribution of energy in the whole biological body or just in a partic-
ular organ, (4) extrapolate response to radiation from the test animal

14
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to man in a meaningful manner, and (5) contribute in the design of
realistic safety standards with a solid basis.

The division of this paper entitled "Mathematical Description"
consists of four sections. Since spherical harmonics (Stratton [14],
pp. 399-423) are used to expand the incident, induced, and scattered
fields, we include in the section "Mathematical Preliminaries" details
of the exact evaluation of inner products entering into the computa-
tion of expansion coefficients. In the section "Expansion of Induced
Fields in Terms of Vector Wave Functions," the expansions are used to
solve Maxwell's equations (Stratton [14], p. 26), subject to the con-
dition that the tangential components of electric field E and magnetic
field A are continuous across the spheres delimiting different regions
of the head model. The section "Determination of Total Absorbed Power"
considers the integrals that appear in Poynting's theorem. Such inte-
grals are evaluated in closed form, thereby yielding a formula for the
total power absorbed. The section "Summary of Key Equations and
Formulas" contains a detailed summary of the formulas implemented by
the computer program, Concentric Spherical Model (CSM), for automati-
cally calculating the radiofrequency electromagnetic energy deposited
in a concentric spherical model of the human or animal head.

The succeeding division, entitled "Program Description," contains
pertinent information about the computer program that is beneficial
to the user. The appendixes consist of a sample problem with computer
results and a source listing of the program CSM.

To benefit users of this report, program CSM is described in
sufficient depth to permit job setups and implementation on any modern
computer. The mathematical theory and formulas basic in accomplishing
the computations are discussed in an extensive manner. Discussion of

this users-oriented computer p-ogram covers such details as structure
and sequence of control parameter and data cards, output formats, and
subroutine and function subprograms. Sample printouts and plots (linear
and contour) ot computer results and a listing of the FORTRAN IV source

program are included.

15
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. ™

MATHEMATICAL DESCRIPTION

Mathematical Preliminaries

This part of the mathematical discussion introduces an inner prod-
uct on doubly periodic vector valued functions, presents a study of
some of the properties of Legendre polynomials used in evaluating inner
products, introduces vector wave functions, and verifies some of their
properties.

Definition 1. Let S = {(8,4): 0 <8 <7 and 0 < ¢ < w}. Then
let H(S,C) denote the continuous ccmplex valued functions A defined
on S that satisfy the inequality

2r  (m
1A 12 j [ J A(6.,6)|2sinodo]ds < = . (1)
0 0

For any functions, A and B in H(S,C) define the inmmer product
<,> by the rule

2 m
<AB > = J 1T[ J A(6,6)B(0,0)sinedolds . (2)
o ‘o

Proposition 1. The space H(S,C) with the imner product <,> is
a pre-I'ilbert space.
This follows immediately from the definition.

Now we need some properties of the associated Legendre functions.

Definition 2. For all nowncg:! ino intogers, Mmool nodofie
2 m/?2
m - +
P(x) = LX) gm 2 qyn (3)
2'n!
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Proposition 2. If m+n 1g even (odd), then Dn+m(x2_1)n i8 a
linear zombination of even (odd) pouwers of X .

Proof., Qbserve that

n
()" = 5 (MERnk (4)
k=0

Since an even (odd) number of derivatives of an even power of x is an
even (odd) power of x, the proposition is true,

Corollary 1. If n#m <is even (odd), then p:(x) is an even (odd)
function of x.

Proof of corollary 1. Since (1-x
the corollary follows immediately from Proposition 2.

Z)m/2 is an even function of x,

Proposition 3. For all nonnegative integers m and n

I = Jz Pw(cose)(é%)(Pw(cose))sinede =0, (5)
Proof. Since
dypm 2y _ pMy. dy/pm
() (PM(cos0)?) = PM(cos0) (1) (PM(cose)) (6)

an integration by parts implies that

™
I-= %[P:(cose)zsinelg - J Pﬂ(cose)zcosede] . (7)
)

17




Substituting x = cos® and using the fact that

do = - (1/ /1-x% )dx ,

it follows that

1

I1=-1% J_lPﬂ(x)z(x/ /1-x2 Ydx ,

which in view of Corollary 1, implies that I = 0.
Proposition 4. For cll nonnegative integers m and n, we have
that

LA m 0,r#n
Pn(cose)Pr(cose)sinede = 2(n+m)! , r=n.
0 2n+l)(n-m)!

Proof. The proof is carried out completely in Whittaker and Watson

(16, pp. 324-325).
Proposition 5. For all nonnegative integers m, n, and r, we

have

IO E%(p’r':(cose))adg(P',':(cose))51"’9"e = Alo.r)

_ 2 (n+m)!
- 6(n,r)2n+1(n-m ! n(n+1)
I)

i i
+ J ( -m2 )Pm(cose)PT(cose)sinede.

0 sine

18

(8)

(9)

(10)

(11)




Proof. Observe that

m/2 2 M/2-1 )
=(1- +
d (1-x%) d™M o (X)L g (2 gy
& oot (1) n n+m
X 2™ dx 2'n! d
2
: 2.2 nemel
: LX) d (x*-1)" (12)
- n n+m+1
2m!  d
€.
g Let (d/de)F(cose) = F'(cose)(-sine). Thus, x = cose implies that
& dx d _d
' de dx - de (13)
Hence

‘F--‘ m m . m® . m! inod
: A(n,r) = Io (-s1ne)Pn (x)(-—sme)Pr (x)sinede
’ -1 2\om' m'
' = [P 0P () ()
’ 1

1 2vom' m'

- [ (1-x2)P™ (x)P™' (x)dx . (14)
4 n r
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Integrating by parts in the above integral, we find that

1

1 2
m m
J_l[n(n+1) - 1jlz]Pn(x)Pr(x)dx

r

1 2
J [:HL?-+ r(r+1)]P2(x)Pm(x)dx.

-1 1-x

-

oy

Substituting back x = cose, we find that

n _ 2 n+m)!
A 6(n,r) 2n+1 (n-m)! n(n+1)

m 2
+ I (=m 5 )Pﬂ(cose)PT(cose)sinede .
0 sin“e

20

Since A?n,r) = ATr,n) the above relation shows that if r # n,

(16)
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Proposition 6. For all nonnegative integers m, n, and T, we
have

f" [é%{Pﬂ(cose)) é%{P?(cose)) + (mz/sinze)P:(cose)P?(cose)]sinede
0

B G(n,r)(ﬁﬁ%T) :tg i n{ntl) . (18)

Proof of Proposition 6. From Proposition 5 we deduce equation 18.
> > >
Definition 3. Let i, j, and k denote the unit vectors -n the
Cartesian coordinate system. Define

> -> -> >

e, = sinecos¢i + sindsinej + cosek, (19)
> - > >

e, = cosecosei + cosesingj - sinek, (20)

and
> > >
e, = -singi + cos¢j . (21)
21




Def'nition 4. If +S i8 a surface in R3 bounded by a simple

closed-cwrve C, and A +is a C1 vector field defined in a neighbor-
hood >f S, then curl (A) <s a vector field such that

S

j Icur](ﬂ)-Ndo =:ﬁwA'Tds , (22)
C

> >
where N and T are, respectively, the unit normals and the unit

tangente of S and C.

>
Provosition 1. If A is a vector valued function of r, 6, and

b, ther

¥

curl(A)

1l

FE%HE{(Q/QG)(51"9A¢) - (a/a¢)Ae]er

->

+ $1(1/51n9) (3/24)A = (3/57) (rA, )],

-+

1 >
;—[(a/ar)(rAe) - (a/se)Ar]e¢ . (23)

Proof. This follows from Stokes' theorem and the fact that in
> > >
Cartesian coordinates x,y,z, where ? = in + ij + sz, the curl of

vector E is defined by

oF,  oF > oF  3F, >

curl(?—') = (gy_z - a—l)i + (=2 - =)

z 3z ax
aF 3aF, ~
Yy __X
+ (ax 5y )k. (24)




Proposition 8. In spherical coordinates if V 1is a function of
r, 8, and ¢, then

(1/¢2) 1 (a/ar) (r2(3/37)w)]

Ay

(1/(r%sine)) [{(3/20)(sine (3/30)p)]

+

o

(1/(¥%sin%e)) (52 /302 ) . (25)

Proof. This follows from the fact that in Cartesian coordinates

Ay = (az/axz)w + (az/ayz)w + (az/azz)w (26)

and the coordinate transforms

x = rsin(e)cos (o),
y = rsin(8)sin(¢), (27)
and
2 = rcos(e).
23
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Proposition 9. For any C1 function ¢ of r, 8, and ¢,

A = yre, (28)
implies that
Mw = curl(A)
= (1/sine)((3/25)v)e,- ((a/ae)w)e¢ . (29)

Proof. This follows by direct substitution of equation 28 into
equation 23.

Proposition 10. Suppose ¢ 1is a C2 function satisfying

2

Ay + ky =0, (30)
where Kk 18 a complex number, then
> -+
M¢ = cur](wrer) (31)
and
> S
Nw = (llk)curl(Mw) (32)

24




imply that

N =

[(1/(kr))(a/ar)(rz(a/ar)w) + krw];r

<4

(1/(kr)) (3%/3/30) (ry e

-+

(1/(krsine))(32/ara¢)(rw);¢ . (33)

In the next section we work out some consequences of this propo-
sition when the function y is the product of a spherical Bessel
function, a Legendre polynomial, and a sine or a cosine.

Expansion of Induced Fields in Terms of Vector
Wave Functions

In determining the response to a plane wave of a union of regions
of dielectric material delimited by spheres, we use the vector wave
functions (of kp = complex propagation constant for the p-th layer of
the dielectric material):

uiesd) o _ L 23k r)PL(cose)sin ;
(1,n) sing “n*"p /'n ©

>

- Zg(kpr)(d/de)(Pi(cose))cos¢ 60

(34)

25




and

Here

(O:j) - 1 j 1 N
Mi1on) = gqﬁg-zn(kpr)Pn(cose) cose &,

J 1 . >
- zn(kpr)(d/de)(Pn(cose))s1n¢ &, »

(e,3) . n(n+1) 1 .
N(l,n) X7 zn(kpr)Pn(cose)cos¢ g,

p

* Ei?‘a/ar)(rlg(kpr))(d/de)(Pi(cose))cos¢ Ee

1 N 1 L
- E;F—gTﬁg(a/ar)(rzn(kpr))Pn(cose)s1n¢ &

-S> .
(0,3) - n(n*+1) 3/, ,ypl N
N(l,n) B kpr Z, ka)Pn(Cose)s1n¢ é.

+ Eil-,-(a/ar)(rzf,(kpr))(d/de)(p}](cose))sinap g,

(a/ar)(rzg(kpr))P;(cose)cos¢ e

1
o
k.r sing ‘
pSH'I ¢

20(0) = 3p(0) =V 1/20 3,4, o),

23(0) = hi(p) =V /2 H;+%(o),

1 .
Hn+%(p) = Jn+%(p) + 1Yn+%(p)9
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(35)

(36)

(37)

(38)

(39)

(40)



and J_,,(p) and Y _ . (p) are the Bessel and Neuman functions of
n+ n+;
order half-an-odd integer, respectively.

Proposion 11. For all nonnegative integers m and n and all

integers j and j° in {1,2,3}, we have

< wlesd)  Rlo,37) |
MEa) o My’ > = 0 (41)

) ”%5133 ’ %ﬁ’%)) ~ A (n,m) ¥l Tn-1)

SRR IE I (42)
where
A=l zg(kr)zg’(kr) , (43)

—
n

(o,J)

< Nggzgg , NEOZ%;) > = B8y 1y ?ﬁgT (n+ % T a(nel)+C
" N§1 U (45)
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B=n (ElF)Z(a/ar)(rzg(kpr))(a/ar)(rzgzkpr)) (46)
p
and
2, .\2 . g
Cy = o] %)Y:‘ﬂké%;l“)— 7 (kr)zp (ko) (47)
p
ORI (o)
< g(?’g; , 5%?:%5’ >=0, (49)
< md) w0 (50)

Proof. This follows from the definitions and the facts that

[" 1Pl (coso)) 0pp(cose)) + —Lp Ph(cose )P (cose) stnods
0 sIin o
- 2 (nt1)!
= 6(n m) ZoT (L n(me) (51)
and
[" 183 (cose)n(pcose)) + PL(coss )D(Pp(coss))1de = 0. (52)

where D = d/de .
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Now we want to develop formulas relating the fields. Let us write
the fields for the p-th region as

[ v il 2e41 w(0,1) . v(e,1)
575 L U e Baeinne T PenNie

(e,
1

w(0,3) _ . 3
*“cam”@,m"w(apw(,ﬁl (53)

W= . P 7 oL 2841 ve,1) | . >(0,1)
Mo = - ge Bo b T mETy a1l * TacepN(Lie)

w(en3) . . ~(0,3)
P Ee(Le )N )] (54)
in terms of the spherical vector functions Mgi’%g and Ngi’i; [cf.

Stratton (14, p. 564) for function definitions] and the complex propaga-
tion constant kp. The tangential components of the fields are

w 1
3 P,(cose)
Yozt Y iT 2841 P Abaadd _
Ple%0 g1 oy B(e,p) ~sine (Cose)dy(kpry)

- by g,p) (1/Ky1o) (3730} (1 o))} ((d/d0) (Py(cose))) coss

1 p
Pl(cose)

+
“(z,p) sing

(cos¢)h;(kprp)

r)))((d/de)P(cose))cose],  (55)

. 1
- 1s(£’p)(1/kprp)((a/ar)(rhz(k (2
p

P
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2 .
(Ep)y = By L 1" 2BT [2(g,p) (-3 kory) D ((0/d8) (Phicoso)) sing
1
P;(cose)
£ .
sin@ Jsing §

- ib(z,p)('l/kprp)((a/ar)('bj(kpr)zlﬁ
Y
* a0y Mk )) ((d/de) (Phcose)) )sing

. 1 Pi(cose)
- 15(f;p)(‘1/kprp)((3/8?)(Thlﬂkpr))) —<The ],

r=r
p

(56) ;

> k o

1
P (cose)
_ L 2041 £ ine);
(Hp)e = - ﬁ_% Eo !—Z11 yigan] [b(l,p)(- “—s—m—)(51n¢)Jz(kp"'p)

= + 13(zap)(l/kprp)((a/ar)(rjzﬂkpr)llid/de)(P%ﬁcose))sin¢
Pz(cose) P

B(z,p)(' ———57360(51n¢)hi(kprp)

L

1

+ 1a(£’p)(l/kprp)((a/ar)(rhz(kpr) d/de)(Pi(cose))sin¢] (57)

P

N
r=r

(ol = - 52 ey T8 ZEtn o5tk ) (0700)
P How O ooy L(E1]T(2,p) =3 ol p'p /do)(P,(cose)))coso
. ) Pi(cose)
+ 1a(£,p)(1/kprp) ((a/ar) (r‘ll(kpr)))r=r(_s—1'_n§— Ycosé
p

* 3(£.p)('hi(kprp))((d/de)(Pi(Cose)))cos¢

. 1 Pi(cose)
*dagy p)(—l/kprp)((a/ar)(rhz(kpr))Lr(—sﬁe—*—)cosﬂ (58)
P
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The boundary conditions implying continuity of the tangential

component of the electric vector in the e-direction may be described

by the rule

Pl(cose)

.
nE z[A(ﬂ,p) stne " 'B(e,p

) ((d/de)P)(cose))

+ z(cose)

. 1
*Alep) Tse T 13?£’p)((d/de)P£(cose))]

1
Pfﬂcose)

= vk, z [A(l p+1) sing

- 1B, psy) ((4/d0)Py(cose))

P (cose)

AL, p+l)” sine  ~ iBEz,p+1)((d/de)Pi(COSQ))].

Here

AJ(fl,p) = ClB3,lkprodacy oy »

Alg,p) = CB3 plkpairpdace by

- c(z)h}(kpr

+
Al.p) P (2,p+1)

- 1
A(z,p+1) = C(E)hz(kp_'_lr )0.( ’p+1) .
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(59)

(60)

(61)

(62)

(63)

(64)



e

L

T T,

. A "v,\‘f
Y

LA s AR L ;
-

+ _ 1
B(Z,p) = C(!_)(l/kpr‘p)(a/ar)(rht(kpr)l=r8(£,p) R
P

- — 1
B(Z,p+1) = C(K)(l/kp+1rp)(a/8r)(rhl(kp+1r)3=r 8(2,p+1)

p

+ .
B(K,p) = C(z)(I/kprp)(a/ar)(rJK(kprzlrb(l,p) ,
p

BZE,p"‘l) = C(K)(l/kp+1rp)(3/3r)(rJz(kp+lr2‘Zrb(£’p+1).

Letting

S(e,p)

and

T(Z,p)

- - + +
= Alepr1) T A1) T M) T Alep)

:B(

- +
e,0+1) ¥ Blepr1) T Ble,p) T

we deduce that

)
=1

)

(2,p)

1
Pz(cose)

e
sing

+
B(Lp) ’

- iT(z’p)(a/ae)Pi(cose)] = 0.
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(65)

(66)

(67)

(68)

(69)

(70)

(71)




* (Eypn

Observe that (E,)

¢)p implies that

1
I P, (cose)
LI EZI[ (-A?z’p))(d/de)Pi(cose)-i (-B?K,p))“g"s_ﬁ'e—

1
Pz(cose)

.+(_nz£’p))(d/de)Pi(COSO)‘i('Bzz,p)) st !

® - 1 o P}(cose)
= 1|'E° IZI[('A(z’p+1))(d/de)Pt(Cose)*1('B(z’p+1)) '—“—r—~—s1ne

- 1 . Pi(cose)
+(—7q(£,p+1))(d/de)Pz(cose)—'l(—B(&pﬂ)) —sine ] .

g\ Thus,
f ® 1 _ Pi(cose) .
ZZl{su,p)[(d/de)Pl(cose)]-ﬂ(Lp)[——m—e——-]}

d = =
and we conclude that S(Z,p) 0 and T(K,p) 0.

Upon introducing the constants

n,

At o) (1/k v ) (373r) (r (k1)) €(2),
(4p) 2(e,p) 1/ kprp)(a/ar)(rj o pr'zgrp()

le;p) = brgpydelkprpic(e),
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(72)

(73)

(74)

(75)

T e ey p—— =, e e




] 1
() " “(,p) Mgrh (a/am) (rhlipr)) (2, (76)

P

By .8 1

(2,p) = “(z.p)hy (kpr)e(e) (77)

Aleptl) = a(g,p+1)(1/(kp+1'”p))(3/3")(”jg(kp+1‘“)l=§(“ , (78)

p

' Maamt1) = 2(pen) Mepury) (/o) (rhglhpyyr)) COa) (80)
p

S(ep+1) = Bleprnbic e )c(0), (81)

and setting (Hp)e = (Hp+1)e’ we arrive at the equality

k @ v -Pi(cose) oy 1
'(u_og_)"Eo zzl[B(Lp)( stie ) * 1A(g,p)((d/de)P4(cose))

1
" P.(cose) .
£ . 1
+ BZZ,P)(- <Tno ) + ‘4Z£,pz((d/de)P£(°°SG))]
kE ® N Pz(cose) ~_ !
T “o:1 "o gzl[B(ﬂ,p+l)(' sing )+ 1A(£’p+1)«d/de)P£(COSO))
1
v P,(cose)
" £ . e 1
* B o oe1) (" stme) * (g, pr1)(8/d0IPlcose))]. (82)
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Now set

n N

v +

n, n,
Ste,p) = Ble.pr1)¥prr ¥ Bre,prn)kper -

and
T Py v K 8 k- x
Te,p) = Ae.p)fpe1 ¥ A, pr)kpr1 ~ “e,m)®p  Ae,m)®p

Equations 82-84 yield

® n Pé(cose ) .'\: ]
gzl[s(l.P)(' stne ) * 1T(g,p)(d/do)P; (cose)] = 0.

The boundary condition

(H)

pl = (H

)

p+l¢

is now utilized.

We observe that

1
Pl(cose)

k @ o %
- (B, 2[-Bzz'p)((d/de)P};_(cose)) * g, 0) i)

1
n P,(cose)
- 8, p)((d’d")"i(”se” * 14, p) 1 = Ul
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+
Ble,p)%p ™ Bie,p)

k
P

(83)

(84)

(85)

(86)




and (Hp+1)¢ =

1
Pz(cose)

k oo N v
+1 - 1 i p"
" "o L, [Ble, pen) ((&/0IP(cosd) + iy b (v

Hw

" P%(cose)

- Bl peq)((€/d0)Pp(cos8)) + 17, oy (87)

sine

Thus,
o _ '\4_ '\/+ 1
okl Bl e 7 Bl prnbor * Bl p)¥p EIALZILIC
® m+ m+ L(cose)
2 (Z p+1)Kp+1 * A(l p+1)Kp+1 - (ﬁ.p)kp ) ( .0)%p )
=0. (88)
This implies that
® N 1 o Pg(cose)
zzl[s(z’p)((d/de)Pz(cose)) - T p) sl = 0 . (89)

Now equations 85 and 89 are used to determine the values of gkl p)
and %(f p)* Multiplying both sides of equation 85 by Pi.(cose)sine

and both sides of equation 89 by [(d/de)P},(cose)]sine and integrating
from 0 to =, results in equation

%
|




™ Pz(cose)Pl.(cose)

Z S(K p) I sine + ((d/de)Pé(Cose))((d/de)P}-(cose))[sinede

-i Z T(l 0) j:[Pz(cose)((d/de)P%.(cose))

+ ((d/de)Pi(cose))P;.(cose)]de =0 (90)

which implies, in view of equations 51 and 52, that g(z p) = 0. By
symmetry ¥(£ o) = 0. We conclude that

1 .
Ble,p+1)"e (o417 Kpa1 * Bre, pa) e (Kpanp ke
= 1 3
Bie,p)Melkprplkp * brp pydplkprplky (91)

Now the associated relation derived from equating the tangential
components of the E vector is, from equations 71 and 73, the
following:

k——r— [(a/ar)(rg,(k, +1r))

1'p » D(,pH)
P

+ (kpilfp”(‘"”"””“%(kp+1”llr 8, pe1)
p
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1 :
= ——{(3/3 (k. r))] b
Cro [(a/3r) (rip(kor 2=r 2,)

p
1 1

+ (T(-;F;)[(a/ar)(rhz(kpr)llr B(Z,p) . (92)

p 4

Remark. If
(all a12)
A= , (93)
a3 a4

then the invergse of A g given by

A "=
-351/8 a),/8

, (94)

We define for the sake of economy several terms, following ]
Shapiro et al. (13). Let i

+ 1 1 1 .1 1!
£ = —— (3/ar)(rhy(k r)) = o==—T[ny(k r ) + k_r hp (k. r )]
(£,p) ~ kgry, £%p T k¥ £ PPT T Tpptd Ypp
- {2/ oy (0)) , (95)
PP *p'p
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——

Elp.pr1) = T (37200 (on1 (o)), , (96)

p+1"p p+1"p
+ 1 .
“(Z,p) = kprp (3/30)(032(0))p=kprp
. 1 .
= E;F; (a/ar)(r;vl(kpr))r=rp : (97)
- - 1 .
"g,p+1) kp+1rp (8/30)(032(0))p=kp+1rp , (98)
jzz,p) = Jylkpry) (99)
Ia,pe1y = Jolkpaqry) (100)
+ 1
hiyp) " hl(kprp) . (101)
and
- - nly
hi,p) = M Ko+1"p ry . (102)

Now the relations between the coefficients in matrix form are

J(%,p+1)kp+1 h(z,p+1)kp+1 ( )
_ ple,p+l
= B

”Zz,p+1) gzz,p+1) (103)
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and

.+ +
Y, "2,p _
- gl&,p) - (104)
+
+ +
"(e,p) t(e,p)
Observe that
3 Bit,p) ( ) = plep) ( ) : (105)
& 8(e,p) Ble,p+1)
Thus, letting
= (r{&,P)y-1p(2,p+1)
R(Z,p) (8,7*P") "8} , (106)
we deduce that since
+ +
oot te,p) %ptp e, p) %
(8{t-P))- , (107)
-y, \/Kk 3T, o/
(£,p) "p°p (2,p)" %p
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where
= <t + + +
7 e tep) M) (a) | (108)
that . .
te,p) *plp “Ne,p)/%p
R(‘e’p) = B(,e’p'f'l)
+ k .+ -
“"e,p)’ *pp Ite,p)/ %
(2,p) (2,p)
R R(1,3)
) @) o) (109)
, ,p
Ri2’ 1) R(22)
Here
(£,p) _ .+ .- Kot L+ -
) [E(Zm)d(l.pﬂ)(%) "(e,0) (e, pr1) 2 (110)
R{ER) = n ’ (5‘&1% hy, \E7 1/a (111)
(1,2) (64158, - e, p)B (e, pr1) 172
k
£, = + i= +1 - +
R§29?; B [-n(l,p)‘](l,pﬂ)(_{?') + n(z’p.‘.l)J(z,p)]/Ap R (112)
K
2) = = +1 - .
R§2,5§ i [’h(f.P*'l)“zl.p)(“Ep_) * 5 (g, pr1)i (2, p) /0 - (113)
41




Now on to the development of the matrices relating the a-a
coefficients in layer p to those in layer p+l. The first relation
is derived from equation 69 and the definitions 60-68, and is expressed,
using the notation in equations 95-102, as

he, e (e pr1) t e, pr1)2 (e, p)

- h+ - j+ a
(2,p)*(£,p) ~ Y(£,p)°(£,p) = 0 . (114) g

The next relation, derived from equations 74-81 and equations 83-90,
takes thke form of

(a/ar)(rhz(k +1P)) C(K)kp+1

a

——(3/8r)(rj,(k r)) C(e)k
200, p+1) kp+1 o £\ p+l X p+l

1 1
_u(z,p) E;F; (3/3?)(Yh£(kpr)) C([)kp

Y‘=I"p

- 2(0.p) EplTp (a/3r) (riglgr))_ C(&)i = 0 (115)

=rp

which, after using the notation expressed by equations 95-102, may be
written as
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RS
.
| &

*(e,p+1)°(2,p+1)*p+1 ¥ 3(e,p+1)" (2, p+1)¥pe1

+ +
T e,p)Ee, )% T Ak, p) (e, p)p = O - (116)
Let us define
-+ o+
(e,p) (£,p)
altp)
' (117)
+ +
"(2,p)"p £e,p)¥p
and
Se,pr1) h(e,pe1)
ale,pH1) e
"(,p1) 9t E(g,pr1)Kpe
Define
-1
Q&)= alte)) T (alp)) (119)

PR3t Wyt




and

_ st + + +
(e,0) T 3e,0)5(e,p) " Nie,p)(e,p) -

Observe that since (Ait,p))-l is given by

(120)

+

+
-1 [k
(Aiz’p)) L) %

+ +
“"(2,p)*p’¥pp (2, p) kplp

+ + '
(e,p)% (2, p) e, p) Kpt (2, p)

+ 4
C"(2,p)%(2,p) Iie,p) %o (2, p)

it follows that

det((AGP Ly 1
' “0%(2,p)

=1
det({*P))

and furthermore

(Aizip))'lASZ’p+1) =

i (121)

(122)

s (123)

L




where

5] = €l e, o) - ‘%’“zz,p)"&.pﬂ)]“(z,p) ’ (128)
ULE) = o))~ Eo Ml o) e, pe1) 202, p) (125)
oz - “Euipﬂ”&,pm.p+1> S e (126)
and

z:3) - [(E’é‘l"jzz,p)gfz,p+l) * e,) (2ps1) A (2p) - (127)

Now we wish to use the transition matrices Q(L’p) and R(K’p)
to get relations between the internal and the external coefficients.
First, note that %g.1) = s(z’:) =0 and a(z’N) = b(z,N) =1, where
N is the number of regions into which space is subdivided by N-1
spheres. Second, observe that

3 1
,L(i,lﬂ i Q(Ll)q(z,g) Q(LN-I) & } (128)
0 *(L,N)
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P(e,1) :
_ (& 1p(g,2)  p(g,N-1) (129)
0 SN

or setting

qQ = Q(zyl)o(‘e’z) .. 0(£'N-1) (130)

- ..',,! L,

and

R = RGRE2) | RUEN-1) (131)

we have the following relations

3(¢,1) Q1,1) %1,2) ! i
] (132) |
0 8(2,1) Qz,2)/ \*(e,n)
and
b0\ R Ry / 1

\ (133)
0 R(2,1) Riz,2) \B(e,N)

i 1




T T T e o e m e
e T ;

Thus, we see that

*(en) T "Q2,1)/%z,2)

(134)
and
e " A1) 7 %1,2)%02,1)92,0 - {135)
Furthermore, once °(Z p) and a(z b) are determined, we obtain
(e p+1) and a(z p+1) by the relation
(2,p) (2,p)
3(¢,p) L3 I 1t 2(e,p+1)
= (136)
a (zpp) (z;p)
(£,p) 2019 %2729 %(e,p+1)
Also, we deduce from equation 129 that
M) T R/, (137)
and
“,1) " R,y - "L,20R2,1) Rz, - (138)

As before, once B(t 0) and b(z p) are determined, we obtain

B(l,p+l) and b(z,p+1) by the relation
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p)
2 b (e, p+1)

i . (139)
8 L, L,
(¢,p) Régﬁ% Réz,g; B(e,p+1)

By repeated application of matrix equations 136 and 139, we determine
all expansion coefficients; and thus, using equations 53 and 54, com-
-

pletely determine electric field E and magnetic field ﬁ.

Determination of Total Absorbed Power

The Poynting vector is generally interpreted as a vector having
length equal to the power per unit area traveling across a surface
normal to the vector and direction of the power flow. One can show
by the Gauss divergence theorem that the Poynting vector is given by

> T T >
- Ex H+ExH . (140)
- 2
Maxwell's equations then imply that
> > > > -+ >
> o J* oE* H*
div(s) + L8 4 (a/ag)(SBEL S WHIT ) g (141)

Poynting's theorem in differential form in the absence of impressed
electromotive forces for linear material media and where €, u, o, and
3 are the permittivity, permeability, conductivity, and electric
current density, respectively, and the sign * attached to a vector
denotes its complex conjugate.

Let us write (in terms of the spherical coordinate base vectors

> > >
€. € and e¢)
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1}

W

Observe that

o ¥
m +
n

8sin¢ - cos

x
il

Hrer + Heee + H¢e¢ .

. + . . >
singcosei + singsingdj + cosek ,

> > >

€co0s6Ccos$i + cososingj - sinok ,

>

= -~ singi + cos¢j .

> -»>
Jj k
sinesing  cose

cosesing -sine

>

2es1'n¢) - j(-sin

2

+ k(sinecosesingcose - sinocosesingcose)

A similar calculation shows that

>
= e
r
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(143)

(144)

(145)

(146)

8CcoSd - coszecos¢)

>

-singi + cosej

(147)

(148)




and

-
e, xe =e. . (149)

-> > > > >
ExH= (EeH¢ - HyE de, + (EH, - H¢Er)ee + (EH, - HE)e, . (150)
What we need to compute is
-+ > - -+ ->
S« (-N) = (E x H) « (-N) (151)
-> ->
When N = e Now the power going into the sphere is
w (2‘"’ . '
JO [ ). - (EeH¢ - HeE¢)s1nede]d¢ ) (152)

At this point, we stop to refamiliarize ourselves with the struc-
ture of the vector wave functions listed below:

ggfiig = - §-1vl;]-é-z’J;(kpr)Pi(cose)sin&é8 i'
] zg(kpr)(d/de)(P}](cose))cos¢”é¢ : (153) ‘

g%?:ﬂg = §1%5-zg(kpr)Pi(cose)cos¢$e |
- zg(kpr)(d/de)(Pi(cos@)sin¢3¢ , (154) |
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>(0,3) _ nintl) _J 1
N(1om) kpr n(k r)pP (cose)51n¢e

+ E——-(a/ar)(rz (k r))(d/ds) (P (cose))sin¢3e
P

————«——(a/ar)(er(k r))P (cose)cos¢e¢ , (155)

k rsing

and

T(esd) - nin+l) j 1 >
N(1 n) " —é;——l zn(kpr)Pn(cose)cosqser

>

+ ELF-(a/ar)(er(k r))(d/de) (P 1(cose))cos¢>ee
p

1

J 1 L
—R-;Fgﬁ-e(a/ar)(rzn(kpr))Pn(cosa)s1n¢e¢ : (156)

to contemplate the use of the fact that in the region (p=N) surrounding
the biological material the electromagnetic field is

£ L B ol - e
a3 18 N2 (157)
Fe ey B Bk el e
* e(n,Nﬁﬁ;ﬁ} * 1 (n,N) %‘1’ 33 (158)
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or more compactly

-)] >
E=£"+ "
and
> >, >
H=H + H"

and in accordance with Stratton (14, p. 568)

(159)

(160)

» We write (where a factor

of % has been deleted and now the complex conjugate is indicated by

overbar —)

and take

Observe that

- i - >
L(E x H+ E x H)

A direct calculation

T 2m _
-Ref { J Sr r~ sined¢]de.

[¢] o]

3>

>
Re(E x H)

i

->, 1. ->,
Re(E' x H') + Re(E' x

>

>
Re(E" x ).

+

shows that

{:j Re(E! x ') + (<N)dA - 0 .
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(161)

(162)
)

(163)

(164)
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Thus, to get the total energy absorbed by the sphere, we need only
compute

W, =W, - W, (165)

where Nt represents the energy dissipated as heat plus the scattered
energy, and ws represents the scattered energy.

Now

€ 1 it 2‘(2—)’213 [a(e,w”%‘{:i%) 18y, N)(N§?i33> )

¢
R Z i "1’"‘7‘5-3 N)(M€1 S%) - 1a(s N)(‘E? 2%) 13rsineds

2x (m )
- Re I JO{E ] i eEyle e, NUHHE 8y Ny NS z;) 1}

]

it0,3)

ﬁ(e’3)) - (S N)( (1, s)) ]}F sined¢

N o0
Z i* (1,s)

( 15 E-s N)( ¢

-] o

25+1) (2£41) r(aa) + plas8) ;
s=]1 £=1 s(s+l ‘e ‘e+1 (‘e S) (‘e— N) (SaN) (z,S) (z,N) (S,N)

ng:gge(z,n)&(sm) * ng,’ggg(z,n)é(s,n)] . (166)

4
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r k
N Eﬁ 1.sH’_+1(_1)s+1

% (g, N)%(s,N)

ot (G, ) = 2
“(e,m%s,mF(e)s) ~ Re Jo J uw

o]

{0 33) <~§g 23) - fe 3;) (n{2-3)) 1r?sinedods,
e

(167)

- (u’ _ 2n (m kN 2 2
(6,05 )F (/5] ~ R Io j i B 15 (D% 1B )

[s 2N o]

-[(Mgg:zg) (e gg) - (fe- 3%) (ME?’E;) 1r2sinedods,

(168)

- (B’a) _ 2ﬂ i kN 2 +£
Ble, ) (s,M)F (e,5) = R J J e B 1D w5 )

o]

o[- (N(e 3))¢ N( :3)) + (Ngi zg) (N%?:23)¢]rzsineded¢.

(169)
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Observe that

2 vk
N 2 .s+e S -
L f v B 1B, M (50N

w
OuO °

[(- EEF%Tﬁg(a/ar)(rh}(kNr))P%(cose)sin¢)

‘(Eﬁ;'(3/3r)(rhi(kNr))(d/de)P;(cose)51n¢

* (k—;-; (3/3")("hé(kNY‘))(d/de)Pé(cose)cosM

1 1 1 .
w -(Eﬁ;gTﬁa-(a/ar)(rhs(kNr))PS(cose)cos¢)]s1neded¢
h
E (8,a)
. _ - »a
. = Ble (s es) - (170)
Since for all positive integers £ and s, we have
| Tl 1 1 1
' (P,(cose)(d/de)P_(cose) - P_(cose)(d/de)P,(cose)]lds = O, (171)
‘ £ s s £
o]
i it, thus, follows from equation 170 that
(8,a) =
Flg's) =0 (172)




and an almost identical argument shows that

(0,6) 0

(E s) = (173)

for all £ and s. Note that the value of NS is independent of
r. This enables us to make use of the asymptotic formulas

nle) =1 (-1)"*lele (174)

and

(4/doInae) = = (-1)"Te®® + Lep)™Hete (175)
p

Further, we have

2m ¢m Kk
e [ e et ) coafdh

-(M%? zg) (- 1)(N%? 3;) ]r sinededs

n 7wk
- [ e oo ib (g3

'(MEI z;) (Ngg 3%) 1r’sinede :
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F(“’“; i J" ™ 2 e

(2,s W Es (-1)3¢(- 1)[h£(k r)(1/k r)(a/ar)(rhl(k r))

[+]

R%(cose)Pi(cose)

-((d/de)P}(cose))((d/de)Pi(cose)) - Trsineds

sin“o

nk

b o 25+1 st S{st1)8 (¢ 4y

-h}(kNr)(1/kNr)(a/ar)(rh}(kNr)) (176)

after applying Proposition 6 for m=1.

To complete the calculation, we make use of the following lemma.

Lemma 1. For all Kk,

Lim 1(kr)(l/kr)(a/ar)(rh (kr))r? = -i/k°. (177)

Proof. Equation 177 is equivalent to

Li . ,
n hz(kr)lp z(kr) + rzhé (k) = =i/k? . (178)
In view of equations 174 and 175, this completes the proof of Lemma 1.

Using Lemma 1 and equation 176 we deduce that

Fee) - (X 28 (p,5) 1 (-1)%i(-1)25%(541)°
bs) g KZ(25+1)

kN e
( —Myoe2 08(2,5)" 2(s+1)% ((25+1)K2)

(179)
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rk

|
|
: (898) - __E_ 2 Y 2 2
Thus
Zﬂ’k )
W = ( uow)Eo SZI(ZS+1)(|u(S’N)[ + lB(s,N)I ) /Ky - (181)
Energy balance is maintained through the introduction of a third

term, namely

an (m r . inry .
Nt = -Re jo Io (E H¢ + E H E¢ He - E¢He)s1ned6d¢ . (182)

Thus, collecting muitiples of the expansion coefficients, we obtain

A bg
. 2 2041 3
Wy = 'ReUO Jo {LZ oy L, N)(Mgl 2’)3° Ble, ")(Ni ;) ]

- 10 ol - 0
p)

s(s+T) (1,s) (1,s)
T L 2841 ( 1) . u(e,1) ‘ ;
RN o U I LRI cWI TR |
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:3 Cly
{2115 z(iill)[B(S.N)(Mg,sg)¢ T 1%(suN)

e o (uf03)y
gl Hrn[uw)§1m¢

- 1 s oS

o Srlts;, s (2041)(2s41 (0,1)
R %TZIT%éIEIT%‘{(M(l 2)

2

ETk
. [g(S,N)(Mgﬁ:gg)G 'i&(s,N)(Nég 2%) ]]}s1neded¢] [:;y}
- wld, e et

2
(1,a) (8,1) 1 [Eo"w
+°@N)us)*%zm(zn+3unf&§¢L%m]’

where

(N3 23) 1)

sy (NS £g> ]

-,

) (NS )

(a,l
s

F(U-sl)

(£,s) (1,2) (1,s)'y

[ CIRUHRTIRRIU e 3) ]

AT HRIERICHA RIS

(l,l) (1,5)%,
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- TN TS T S Tt

(1:0') = ( ,1 : ,1 . .
(A R R RRIC R

(0,1) cnle,l) -y n(0,3)
- [(M ) - i(N ) T(-1)(N ) }dA, (185)
(1,2) o (1,2) o (1,5)7,

(8,1) _ (e,3) rmbesl)y - spplosl)
fles) = g o, GO, 1)) )

] (~§§;§§>¢ <-i>[(m§§;§g>e ; i(Ngg::;)e]}dA, (186)

1,8) _ '3 b1 : .1
18- L o, o, - ofel,

- <M§§:2§>e[<ngg’} ), - 188 1)130n. (187)
’ ’ p
First we compute Fg?,_’ig. Observe that if we let

2r (m
(“91) = 1 1 1
A(Z.S) o Jo sine hz(kNr)Pt(COSQ)COS¢

[- js(kNP)((d/de)P:(cose))cos¢

- EE;%TEE(B/GP)(rjs(kNr))Pi(cose)cos¢]r2sineded¢
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A1) = arhl () (3, Uyr)) | Ph(cose)((e/e0)P] (cose) e

™ P}(cose)Pi(cose)
- nr g o) () (/07 (3 (i) J S
and
2n (m
B&S = L Jo - hé(kNr)((d/de)P}i(cose))sin¢[
- 5 (ker)Pl(cose)sine
sine “s''N ’''s
- EiF (B/GF)(er(kNr))«d/dU)P;(coso)bin¢]rzsingdg
= rlhl (K r)ig(k r)f ((d/d8)PL(cosa )Pl (coss)d
- NT/YsON g, s g
(o]
4 Tir hl(k . 1
—EE o (kyr) (373r) (ri (kyr)) [(d/de)P, (coso)
o]
. (d/de)Pi(cose)]sinede,
then

In view of equations 18 and 170, we obtain
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-+

—rrPhy (kyr)d g (kyr) I:[Pé(cose)«d/de)Pi(cose))

+

2

jarré %(kNr)(a/ar)(sz(kNr))

o kNr 6([’5)
2 s+1)!
C7ert (so1)t S(st1)
- inrhy (kyr) (2/a1) (ri  (kyr)) 6
kN (K,S)

Next we compute Fgé’g; . As before, we let

((d/da)P}(cose))((d/de)Pi(cose))]sinede

2

2s”(s+1)

2s+1

(e,s) (1,8)’g (1,¢ (

A(l,a) J [(M(O 1)) - (N( 1;) ](N(°’3)
S

and

B(l’i) - . I uios 1))

M37ef) -1 (e 1)) 1(N§

(1,2)
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1,s)

0,3)
1 s)

YdA

) dA.

PL(coso (d/ds )P} (cose )] de
inrh (k r)(a/ar)(rJ (k r)) Iw[Pi(cose)Pi(cose)
k r ] sinze

2

(191)

(192)

(193)




Use of equations 153-156 yields

A(l,a) = —j 2 w[.,l_. j,(k r)Pl(cose)c S
(2,s) RS TR AL W 0s¢

iFﬁF (a/ar)(rjz(kNr))(d/de)Pz(cose)cos¢]

1 2

Fﬁ;g?ﬁg-(a/ar)(rhi(kNr))P:(cose)cos¢r

sinedede

. T pl 1
- l%ﬁ-jz(kNr)(alar)(rh:(kNr)) J Pg(cose)Pg(cose)

o Siné de

j?%‘((3/3r)<riz(kNr)))((a/ar)(rhi(kNr)))
N

m 1 1
. d/do )P p de .
Jo(( /d0)P3(cosa))P) (cos ) de

Also, using equations 153-156 and 193, we deduce that

2 em
Bg%::; = -1 [ J [(-jﬂ(kNP))(d/dB)Pé(cose)sin¢

o]

* Eﬁ?gTﬁﬁ'(a/ar)(rjg(kNr))Pé(cose)sin¢]

'[EﬁF (3/3r)(rhi(kNr))(d/de)P:(cose)sin¢]rzsineded¢ .
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Carrying out the integration with respect to ¢ we see that

(1,a

B(2,5

= T‘(;_" jz(kNr)(a/ar)(rhi(kNr))

—

- | ((are0)pL(coso)) ((a/d0)p (cose) )stnocs

o]

+ '-‘(-ﬁ— ((3/3r) (r3,kyr))) (3/07) (rhe (kyr))

. J: Pé(cose)(d/de)Pi(cose)de. (195)

From equations 185, 194, and 195, it follows that

(190') = 1,(! 1,(!
: F(t,s) ) Agl,sg ) Bgﬂ,sg ) (196)

Thus,
Flla) o dnr 5 G ) (a/ar) (rhl (kyr)
(2,s) ky J2UN s N

m Pi(cose)P;(cose) 1 ]

) I [ > + ((d/de)Py(cose))((d/do)P (cose))]sinede
(o] sin’e

- i%((alar)(rjg(kNr)))((3/3r)(rhi(kNr)))

. Jﬂ[((d/de)(Pé(cose)))Pl(cose) + ((d/do )P} (cose))P}(cose)1de

. 2 2
-t 3ty (a/ar) (rnd (kD) 6 Bt 1 (197)
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Furthermore

a,l) - 1,a)
Re(“(s,N)F§s,ss ¥ “(s,N)ng,S))

.y rrg (k) (0/ar) (riglkyr)) (a1
%(s,N) Ky (e,s) — 2s+1
i —inri(kyr) (3/2r) (rhekyr)) 2<2(s41)2
¥ a(S’N) kN 6(46,5) s+] ]
252(s+1)?

= Re("‘(s,N)) 2s+1

Hence, using the fact that kN is real, we have

2
ZnEO =
Wt = k2 EO/HORG SZI (25+1)(Q(S,N) + B(S,N)) .
N

This follows from an induction argument and the fact that if

.\n+l
u+ iv = L) [cos(kNr) + 1 sin(kNr)]

Ky

and

W= ﬁ%-cos[kNr - (ﬂ%l)“] ,

then for all real numbers A and B,

(198)

(199)

(200)

(201)




Re{i[w' (utiv)(A+iB) + w(u'-iv')(A-iB)]}

(v'w-vw')A + (u'w-uw')B

A
- = (202)

N

for every positive integer n. A prime on u, v, or w denotes

differentiation with respect to r.
Thus, time averaging shows that the total absorbed power is given by

V 2 (2n+1) (la(n N)I le(n N) 12y, (203)

Summary of Key Equations and Formulas

In summarizing, we set down the key equations and formulas upon

which program CSM is based.

Fields for the p-th region:

2 20+ v(0,1) . >(e,1
Ep = E exp(-mt)zf i %. .lea(z’p)Mgg’zg - 1b(£,P)NE?,£g
w{o,3 N(e,3)
+W&m%id"%zm(1mh (204)
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> -+

k - :
oo P enpleat) ] it 281 (e.1) , 4 (0,1) ]
M = = iw BoexPl-ut) 1 gy e, p)™M1e) * 12(e,p)(1)2) ‘-

we3) . . {0,3)
F e, oMne) e nNLn! (205)
where the vector wave functions ME?’E;, M%?’ig, NE?*Z;, and "E%’zg

are obtained by replacing the spherical Bessel function jn(kpr) by

the spherical Hankel function hn(l)(kpr) in the expressions for the

> -> > ->
- (e,1) glo,1) pf(e,1) (0,1)
vector wave functions M(l,t)’ “(1,&)’ N(l,t)’ and N(1,£) .
Complex propagation constant for the p-th region:
kp = Re(kp) + 11m(kp), (206)
where
€ o, 2% L
=4 (P Pyt :
Re(k) = & (5 [(1+ . m)z(‘ ) )+, (207)
o p
1 (k - w {CJ 1 ?R 2)’§ A
mk,) = & (4 1(1+ ERAGHRRLE (208)
Eow) P

eg = free-space permittivity; = 8.85 x 10'12F/m,

e = relative dielectric constant of p-th region; =1
for free space,

o = conductivity of the p-th region; = 0 for free space,

>4
i}

angular frequency; = 2n x frequency {in MHz),

¢ = velocity of 1ight in free space; = 2.9979 x 10° m .
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The field expansion coefficients for region one, inner core sphere,
and those for the surrounding medium are obtained through the solution
of two systems of equations. Utilizing the notation of Shapiro et al.

(13), we have, with 3,8 b(l,N)= 1 7 0,1 3(1,1)= 0,

b ’Qij 1 (209)
- 209

L 0 L-Z,T %K,w_ i

e, F,- ; 1]

Lol T U e @0

where the nroduct matrices [Qi%] and [Ri%] have the representation

. N-1 \
= £,
: 3 N-1 N
i, (£,p)
[Rm] s [R(i,gz : (212)

with each factor matrix [Q%f’?%] and [Rgfg?;] having its (i,j)

elements computed by means of the following formulas:

(Lp) - -1+ .- k +1 .+ _
W) = Cie) e an ) T M) () > (23
(£4,p) _ -1+ - k 1 .+ -
W52) ™ D) ) T eon) - “’li—;”“mp)iu,pﬂ)l . (218)
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(&p) - -1 k +1 .+ - + -
Q(Z,FlJ) = (8(4,p)) [_Pkp_J(Lp)n(K,p+1) T "(4p)(4p1)) (215)
(£,p) -1 Kpe1 L+ - + -
Uz2) ~ (A(ﬂ,p)) [——%p_‘](,&,p)g(t,p+1) ") Nepe1)! (216)
(£p) R I T + -
& R T Ceepy ‘“ﬁp_i(z,pﬂ(z,pn) T M) (e (217)
(L.p) . Ak - -
R122) = Brep)) 1R Sen) (epr) T (ep)(Lpr)] (218)
(zap) - -1 .+ - k +1 + -
- R21) ™ Ben)) Wiep)(epsn) - % (ep) (pr)] (219)
g (&,p) _ -1, .+ - Kovl + )
: R232) = ey Hiep)t(epn) - Jﬁp—nu,p)hu,pﬂ)l , (220)
Here
= st + + +
Yep) T 3P (ep) T Map)Mep) (221)
Hp) = dgllpr) (222)
h?&p) = holkpr) (223)
1 X .
"ZLD) Iy ””1)3&-1,@ - U(}ﬂ,p)l : (224)
1
(o) = 20T LBy - My ) (225)
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the superscript 1 has been dropped from the spherical Hankel functions
hgl)(kpr) = jn(kpr) + iyn(kpr), and r 1is the radius of the boundary
surface of the p-th region for subscripts p and p+l.

The matrix equations

~ -
1[—,[) _ Qif,g; a(ﬁ,p"']ﬂ , (226)

o(e,d‘ - G(z'p+1)_

— =)
Re, ] i RE.E’P) Y, p+) (227)
%’F)‘ ~— b B(K,p"'l)- ’

yield the expansion coefficients for the regions p = 2,...,N-1 in

a recursive manner, starting with derived values of aa 1) and bﬂ 1)
and known values of %, 1) and qu 1) as elements in the left-hand
members of the matrix equations, and employing equations 213-225 for
computing the necessary coefficient matrics [nggggl and [Rgfgg;].
b} 9’
Absorbed-power density at an interior point of the p-th region:

> .
P = 0.5 (E -E R 228
op(Ep Ep) (228)
where

>

Ep = electric vector at an interior point of the p-th

region,

% = conductivity of the p-th region,

complex conjugate indicator.

Average absorbed-power density:

Pavg = (3/80)(eg/ug ) H(E S0 /g 1), (229)
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where

= |27 T S (aem 2
Q, (;-é— Re z§1(2£+1)(°“"°+ B, 1y | 2 zzl(z )(lag
N
* a0 0 - & (230)
€9'¥y ~ free-space permittivity and permeability

=
1}

N propagation constant of the surrounding medium,
Q(LN)’B(Z N scattering coefficients.

Total absorbed power:
Sl PR}
tot = 7 L, (2eH1)UIRelog y + f i Lot 180
(231)

P

where 2
N s s Lo 0y 2
P. = power incident upon a; '(Eﬁ)"”N-l ,

n = intrinsic impedance for free space; = 376.7 ohms,

ry-1 = radius of spherical surface adjacent to the surrounding
medium,

o = geometrical cross section of the sphere of radius

*N-10 T anN_llk,

A

wavelength of the incident wave.

To complete our summarization, consideration of the formulas used
in generating the values of certain functions seems appropriate. The

formulas
+1 51
P;+1(cose) = 2%11 €08 Pi(cose) - nﬁ——-Pn_l(cose) R (232)
1
sine(d/de)P%(cose) = ncosePi(cose) - (n+1)Pn_1(cose) , (233)
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are used to generate function and
Legendre functions.

Special limit

P i b e
together with
Pi(cose) = sin6, (234)
P;(cose) = 3 sindcos? (235)

derivative values of the associated

values are also obtained by

process is terminated at order N
criterion

|¥n(2)| 2 STOPR

to generate values of the spherical Neuman functions.

P! i)
o Pgi:::e) - T nle) (237)
The forward recurrence relation
Yoa1(2) +y,4(2) = 2n+l y,(2) (238)
is used together with relations
y,(2) = - 2, (239)
' y(z) = - 23 - sinz (240)

The generating
when the following termination
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is met. Here STOPR s a number, say 1.0D15. The user's needs will
determine whether or not STOPR should retain its presently suggested
value. Our own demands were satisfactorily met for complex argument,
epr, of the spherical Neumann functions for parameter ranges:

1.5 i_lﬁpl < 1390.0 and 0.1 < r < 10 cm.

The backward recurrence relation

Ip1(2) = 5= 4, (2) - 5 ,(2) (242)

in combination with an appropriate starting value is used to generate
values of the spherical Bessel functions of the first kind, jn(z).
This technique of using the backward relation in place of the forward
relation helps to avoid stability problems.

PROGRAM DESCRIPTION

Written in standard FORTRAN IV for the IBM 360/65 system, the Con-
centric Spherical Model (CSM) is designed to calculate the internal
absorbed-power density distributions, average absorbed-power density,
and total absorbed power for a spherical shell configuration (simulat-
ing the human head) subjected to plane-wave, nonionizing electromagnetic
radiation. Five spherical shells plus a brain core sphere are generally
treated, but provision is made to allow as many as eight concentric
shells to be analyzed. The structural components of the head model are
identified by regional designators. Regions 1 through 6 represent the
brain, cerebrospinal fluid (CSF), dura, bone, subcutaneous fat, and
skin, respectively. Current plotting needs of the USAF School of Aero-
space Medicine are met through the use of BGNSTP--an advanced general
plotting subroutine package--and the use of the CalComp Model 936 digital
incremental plotter. Since the plotting package is not available for
distribution, the plotter calls and working arrays are not included in
this published version of the program.
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Basically, program CSM consists of a driver routine, five sub-

routine subprograms, and one function subprogram. These routines are
single-entry programs, free of any special machine dependence, and
utilize subprograms found in any elementary software library. Types
REAL*8 and COMPLEX*16 signify double-precision real and complex
variables, respectively, and literal data appearing in a FORMAT state-
ment are enclosed in apostrophes. The arithmetical processes are per-
formed in double-precision, floating-point mode. This feature provides
approximately 16.8 decim>1 digits of precision and numbers with an
exponent range of -78 to +75. A list of the driver routine and sub-
programs, including function, calling sequence, and calling arguments
of each member, follows.

Driver routine:

Routine MAIN is used to input/output data; to compute complex
propagation constants; to complete the calculations for the absorbed-
power density distributions, average absorbed-power density, and total
absorbed power; to control the printing activities; and to direct the
course of calculations.

Subroutine subprograms:

Subroutine COEF generates the expansion coefficients for the com-
>

ponents of the electric-field vectors Ep, p=1,...,NOREG.

The calling sequence of this subroutine is
COEF(ANP, BNP, ALPNP, BETNP, NMIN)

where the calling arguments are

ANP = array of coefficients for vector functions

> .1
Uit

BNP = array of coefficients for vector functions

Tle,l)
N1 n)»
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ALPNP = array of coefficients for vector functions

—>( ’3)
M(g,n)’

BETNP array of coefficients for vector functions

(e,3)
N(f,n)’

| NMIN number of terms in the series expansion of
each component of the electric-field vector,
>
E .
p
The above arrays are double-precision, complex, and each array is
dimensioned at 1000,

Subroutine EVEC computes the rgdigl,colatitude, and azimuthal

*
. components and the scalar product Ep-Ep for the electric-field vectors
->
E,p=1,...,NOREG.

E P
r

< The calling sequence of this subroutine is
¥ EVEC(NP,PD)

where the calling arguments are

iif NP

” PD

region identifier,

double-precision, complex,semicompleted

absorbed-power density at an internal point |
of the p-th region. ‘

Subroutine TERM computes (-1)" or (-1)n+1 times the appropriate
part of the n-th term in the series expansion of each component of the
electric-field vectors Ep,p = 1,...,NOREG.

The calling sequence of this subroutine is

TERM(NCK, T, KEY)

where the calling arguments are
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NCK

a counter count,

T = part of the n-th term in the series expansion
that is multiplied by the appropriate power
of -1,

0 for T to be multiplied by (-1)" and 1

for T to be multiplied by (-1)"*1.

KEY

The array T is double-precision, complex.
Subroutine BJYH generates the spherical Bessel functions jn(kpr),
spherical Neumann functions yn(kpr), and spherical Hankel functions

(1)
hn (kpr).
The calling sequence of this subroutine is
BJYH(BJNP, BHNP, Z, NN, STOPR)

where the calling arguments are

BJIJNP = array of spherical Bessel functions for
p-th region,

BHNP = array of spherical Hankel functions for the
p-th region,

z = product of complex propagation constant and
radius of an internal point or boundary sur-
face of the p-th region,

NN = maximum order of the spherical functions,

STOPR = a test quantity for terminating the gener-

ation of the spherical Neumann functions.

The arrays BJNP and BHNP are double-precision, complex, and
each array is dimensioned at 100. Variable Z is double-precision,
complex.
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Subroutine PL generates the associated Legendre functions Pﬁ(cose)
and their first derivatives with respect to 6.

The calling sequence for this subroutine is

PL(THETA, N, P, DP)

where the calling arquments are

i THETA = value of the colatitude angle expressed
. in radians,

€

2 N = number of associated Legendre functions

to be generated, starting with the func-

1 tion of degree one,

{

’ P = array of values of the associated Legendre
‘t functions,

. DpP = array of values of the first derivative
{ of the associated Legendre functions.

[}

i The arrays P and DP are double-precision, real and are dimen-
ff sioned at 101 and 100, respectively. THETA is a double-precision,

real variable.

Function subprogram MINN determines the minimum value of a given

array of positive integers.

' The calling sequence for this function subprogram is
. MINN(NRAY,N)

' where the calling arguments are

N NRAY = array of positive integers,

i N = number of integers.
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The array NRAY 1is single-precision, integer, and dimensioned at
11.

Blank COMMON is used by the driver routine, MAIN, and the sub-
routines COEF and EVEC. The list of the arrays and variables stored in

this area is

*

FKP = wave propagation constants, kp s
*

BINP = spherical Bessel functions, jn(kpr),

BHNP = spherical Hankel functions, hél)(kpr),

*
CEX = exponential value, exp(-iwt), for circular
frequency w and time t,

BDP = spherical surface boundaries,
P = associated Legendre functions, Pi(cose),
DP = first derivative of the associated Legendre
. 1
functions, ag-Pn(cose),

SIGP = conductivities, op,

>

EQ = intensity of the incident electric field, E,
TIME = time,
R = radius of an internal point of the brain core

sphere, or spherical shell region, or the radius
of a spherical boundary surface,

THETA = colatitude angle, o,

PHI = azimuthal angle, ¢,

STOPR = a test quantity for terminating the generation
of the spherical Neumann functions, yn(kpr),

NC = maximum order of the spherical functions minus

2,
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The array NRAY is single-precision, integer, and dimensioned at

11.

Blank COMMON is used by the driver routine, MAIN, and the sub-
routines COEF and EVEC. The list of the arrays and variables stored in

this area is
*
FKP = wave propagation constants, kp R

BJNP* = spherical Bessel functions, jn(kpr),

*
BHNP

spherical Hankel functions, hgl)(kpr),

*
CEX = exponential value, exp(-iwt), for circular
frequency « and time t,

BDP = spherical surface boundaries,
P = associated Legendre functions, Pi(cose),
DP = first derivative of the associated Legendre
. d pl
functions, ag-Pn(cose),

SIGP = conductivities, o _,

p >

EQ = intensity of the incident electric field, E,

TIME = time,

R = radius of an internal point of the brain core
sphere, or spherical shell region, or the radius
of a spherical boundary surface,

THETA = colatitude angle, o,

PHI = azimuthal angle, ¢,

STOPR = a test quantity for terminating the generation
of the spherical Neumann functions, yn(kpr),

NC = maximum order of the spherical functions minus

2,




NOREG = number aof regions in the Concentric Spherical
Model,

NMIN number of terms in the series expansions of the
-

"

components of the electric-field vector, Ep

The double-precision, complex arrays and variables are flagged with
an asterisk (*); while the unflagged arrays and variables are double-
precision, real--with the exception of the last three members, of type
INTEGER, which are single-precision variables.

A single-labeled common area, COEF, is used by the driver routine,
MAIN, and the subroutine EVEC, for values of the expansion coefficients

’ b. ’ ’ i s Pa ’
a(n,p) ‘n,p) %(n,p) B(n,p) stored in the arrays ANP, BNP, ALPNP

and BETNP respectively.
In subroutine BJYH, if variable M, the maximum order of the spher-
ical Neumann functions yn(kpr) (complex kpr), tests < 2, the error

message

PROCESS CAN NQOT PROCEED SINCE NM2 = 0 FOR Z = ...
is printed out and the computer rua is terminated.
Input to program CSM is by keypunched cards. There are two basic
input cards with structure and sequential order as follows:

Card No. 1 {(control parameters)
Columns: 1-10 FREQ. Frequency in MHz. (E10.3) :
11-20 EO. Intensity (field strength) of the in-
cident electric field in volt/meter. (E10.3)
21-30 TIME. Time in seconds. (E10.3)
31-40 STOPR. A test quantity for terminating the o
generation of the spherical Neumann functions.
A suggested value is 1.0E15. (E10.3)
41-45 NORG. Number of regions in the concentric
spherical model of the human or animal head.
(15)
46-50 NOCR. Number of cases. (I5)
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Card No. 2 (electrical property data)
Columns: 1-10 EPSP(1). Relative dielectric constant for
region 1. (E10.3)
11-20 SIGP(1). Conductivity for region 1 in
mho/meter. (E10.3)
21-30 EPSP(2). Relative dielectric constant for
region 2. (E10.3)
31-40 SIGP(2). Conductivity for region 2 in
mho/meter. (E10.3)
41-50
51-60 . . .
61-70 EPSP(4). Relative dielectric constant for E
region 4. (E10.3) ;
71-80 SIGP(4). Conductivity for region 4 in f
o mho/meter. (E10.3)
Card 3 is a similarly structured card for the electrical properties of
regions 5 and 6.

Card No. 4 (surface boundary data)
Columns: 1-10 SBDP(1). Radius of the ;pherical surface for
region 1 in centimeters. (E10.3)
11-20 SBDP{2). Radius of the spherical surface for
region 2 in centimeters. (E10.3)

R e an amea e Tan

; 21-30

31-40

41-50 . . .

51-60 SBDP(6). Radius of the spherical surface for
region 6 in centimeters. (E10.3)

Card Nos. 5-(NOCR+4) (coordinate data)
Columns: 1-5 NREG. Region number. (15)
6-15 R. Radial snnerical coordinate of an interior
point of region NREG in centimeters.
Range: 0 < R < SBDP(6). (E10.3)
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16-25 THETAD. Colatitude sphericgl coordinate of
an interjor point of region NREG in degrees.
Range: 0 < THETAD < 180. (E10.3)

26-35 PHID. Azimuthal spherical coordinate of an
interior point of region NREG in degrees.
Range: 0 < PHID < 360. (E10.3)

The last card of a single data set must be a termination card with

the symbols /* punched in columns 1 and 2. Also program CSM can handle

multiple data sets. Each data set [Cards 1-(NOCR+4)] is stacked one

behind the other, with the last card in the complete data deck a ter-

mination card.

. Program printouts consist of the title

- ELECTROMAGNETIC ENERGY DEPOSTION IN A CONCENTRIC SPHERICAL MODEL
OF THE HUMAN OR ANIMAL HEAD

followed by such information as

= FREQUENCY = . . . . MHZ
2 FIELD STRENGTH = . . . V/M
3 TIME = . . . SEC

- NUMBER OF REGIONS = . . .
RELATIVE DIELECTRIC CONSTANTS = . . .
CONDUCTIVITIES (MHO/M) = . . .
SURFACE BOUNDARIES (CM) = . . .

. REGION . . . INTERIOR POINT: RADIUS = . . . CM THETA = . . . DEG
-, PHI = . . .DEG ABSORBED-POWER DENSITY = . . . W/M**3
REGION . . . INTERIOR POINT: RADIUS = . . . CM THETA = . . . DEG
PHI = . . .DEG ABSORBED-POWER DENSITY = ., . . W/M**3
AVERAGE ABSORBED-POWER DENSITY = ... W/M**3
TOTAL ABSORBED POWER = . . . WATT
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| APPENDIX A
SAMPLE PROBLEM WITH COMPUTER RESULTS




/

Q8¥D ROIlUMIWdal

0+0°0 0+0°0 0+00°3
0+0°0 0+0°01L 0+06°S
0¢0°0 0+0°02Z 0+08°5
0+0°0 0+¢0°0¢ 0+09°6
0+0°0 0+0°0n 0+Z35°

0+0°0 0¢0°03 0+ln”5
0+0°0 040709 CelZ5
0+0°0 0+0°0. 0+0°€
0+0°0 0+0°03 0eSL°2
0+0°0 0+0°06 0406°2
0+0°0 0407004 0¢G6Z2°2
0+0°0 0+0°0s 1L 0+400°2
0+0°0 0+0°071 0+SL"
0+0°0 0+0°0¢t 0+05°1
04070 0+0°0%i 0+sC° L
0+0°0 0+0°5ni 0+00°,
0+0°0 0+¢0°03i 0+5L°0
0+0°0 0+40°031 0+05°0
G+0"0 040°0c1 1452°0
0+0°0 0+0°03% t~0C"i

UITRE TR et T TN T T

(ITHA’IYZIHI 2993 4N ISINIOI TYNs3INI) nZ-g

0400°9 0+06° 5 0+08° 5 042573 O+_r":
((r)dcas :s535V34ins A4¥INODS 49

0+0° 4 0+0°Gn
0¢40°¢" 0+L°y 040°9L
({1)d9Is’ (Z)ds4z 183114934031

0z 9 SL+0°t 0+40°0 0+0° ¢ 0+0°0004
(2D0N’94dOR’ IdOZ5'3NIL‘03 04 *SI3ITAYVE TONINDD) L Q5¥2

dndlds ND03IT WITA08d dATIRVS




Cesl/A
Seshi/ B
casl/n
Cesd/N
cesR/M
cesi/ 2
Cusd/A
Exeii/n
Esel/ M
ZxsR/A
Eesd/A
Eesil/A
Casil/n
Ceali/n
Exsid/n
Esed/N
Conil/N
ExsA/N
casl/n
cesi/A

nnEE6900°0
00LL4400°0
L5L27200°0
0GECTEN00°0
E6E5E100°0
LL0O6LL0070
L6NEN900°0
nseEzZESOO™0
8E9LZOL0O
600400
SNG8EGLOTO
09Z9L920°0
7Z38MNED"O
LEZT9iIN0"0
ISLbEBND"0
£6heNs30°0
365N1.580°0
Zh6Z530L°0
L80.532L°0
nEE8ENEL 0

9

AlISNad
KLISNIQ
ALIISNIQ
AIISNAQ
IZISNIQ
KLISNAC
ALISNIC
KLIISNIJ
K1ISN3AQ
LLISN3Q
ALISNIQ
KLISN3Q
I1ISK3Q
AIISNIa
ALIsNZ2Q
ALISNIQ
KZISN3G
1iisNaq
ILISKZA
AiISRAQ

4Z803
42804
42404
13804
42804
3iM0d
33804
dzA04d
dgacd
42804
3zM0d
33804
43N0d
43804
43804
1IM0d
43803
danad
53iN0d
43803

13223254Y
az440849v¢
azgyQsav
qigi0s4v
1z235084d¢
q3ig4id3ax
13850:9Y
PECERIN:E
qag{0s4vy
J3gs0sav
33639054V
q3g¥OsaN
azgsosay
13g9350s4%
q3a4905av
3385054Y
3395034V
q3ig49s4dv
1233084V
J39:20849%¢

= SKROIO3d 40 JITRNIN

00°ch
ok £

COOOOOCOOOOLCOOCLLOOOOOCO
8 s e 0 s a9
COROCOCOOOQLOVOOLLODOOOC

000°3

000°1L
3°%

0°0

IRd
IHd
IHd
IHd
IH4
IHd
ZR4
IH4
IHd
IR4
IHd
pa:1.
IB4
IRd
zHd
IHd
IHd
IHd
IH4
IBd

911
231
234
93a
291G
91q
231a
933
2341
934
93d
021
934
9za
933
BED
93id
931
23d
933

005°5

080°0

05°8

= ddTe

LIYN S0~

Exad/0 Z0-A8L303°¢

0o
00°04
00°02
00°0¢
00°0h
00°05
00°09
00°0L
00°08
00°06
00°001L
0070t}
00°0Z1L
00°0¢1
00°oni
00°3ni
007054
00031
00°0ct
00°081L

YI3HL
[ 1. 31
VIZHL
VidHS
ViIKY
Vi4dRL
VidHL
VI3Hl
Vi3RI
VI3HL
VI3JHI
V1ddi
ViEHL
YIZHI
Yi3ul
k%1
VYIIHL
YI3IRI
Y23HL
KP4

o
W2
W
D
RO
e}
HO
W2
[ o]
WD
o
[Le]
W
| Jo]
|2 o]
WD
wo
[ ]
@)
W

008°S 0Zs°§

OLL°0 000°1L
00°5n 00°9L

W/a 00°L =

HIO9NI41S d7al

SUNIW 040 S0°0 = =TI HOL

InZESh™L = d3A04 Qz2408aV T¥I0Z

= AITSNIL 4IM0J-QEAI0687 E973ZAX
000°
006°
008°
009°
0Zs5"
oLn®
0.2
000"
08"
005"
067"
000"
0sL”
07s5*
05T~
002"
0z.°
003°

3870

too0°

snigyy
snIavy
spIgvy
saIavy
snIgvd
S0I1av4
S0Z23¢%
spIgvE
SBIGYs
snIgey
5nicvs
saIqvy
snIavy
spIZaes
spIgavy
€Q2avd
SOIgva
SnNIQvs3
S0Iav3
sSpIqQve

NO1IDZzd
KOIOZd
NOI914

=N20d
ZNIOd
“KIod
b P 11
ZNIO2
ZINI0d
<NZO0¢
ZNI04d
ZNZ04d
INZOd
ZNI0d
INZO0d
“NI0d
ZNI0e
ZIRI0d
28204
iNI04d
INIDS
ZNZO0d
ZNZDa

8OI4ZINZ
40Z42INT
S0I9Z2INC
301832N7 ROIDZd
£02332N82 NOIO03d
dIIizldl NGIDas
dIT4zINT NOIc3y
§O0I43IRI NOI934
d0I33INZ NCIDZ3
GOIZ3INT NCI924
§07432N2 NCIOaY
§OZIJZINRT NCIDdd
HOIYIINT NOIDZY
d0743INT NOTDZ:
dOTd3INI NOIDZd
9OI9ZINI NOID3Z
40I493INT ROIO3d
g2I42INZ ROIO3¥

NOZ9312

ROIDGE

COrFmerm e NNMNNMULW I U ID NG

o

(WD) 53 2IGNGCA 3DV¥déDs

oLn® 0Lz-s
0¢

00l 00¢°0 (5/0H&) S3ITITAILONGNSD

0v°09 = SIRVUISNIS DIBLOITIIC ZAICZVTITZ

ZHR 00°000L = XDORINDZY4

G73H IVWINY 30 RVWOH 3HI 40 TIQOW TVII¥EHAS DIJINIONID ¥ NI ROILIS043A A94INE JILINOYROLLDZTE




APPENDIX B
SOURCE LISTING OF PROGRAM CSM
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. C PROGRAM CSM . CSM0001
c ELECTROMAGNETIC ENERGY DEPOSITION IN A CONCENTEIC CSM0002
c SPHERICAL MODEL OF THE HUMAN OF ANIMAL HEAD CcSM0003
C CcsSM0004

IMPLICIT REAL*8 (A-H,0-2) CSN0005
COMMON /COEFF/ANP,BNP,RLPNP,BETNP CSM0006
COMMON FKP,BJNP,BHNP,CEX,BDE,P,DP,SIGP,EO,TIME, R, THETA,PHT,STOPR, CSM0007
1NC,NORG,NMIN CSM0008
DIMENSION BDP(S),SBDF(9) ,EPSP(9),SIGP(9),P(101),DP (100) CSM0009
COMPLEX*16 FKP (10),CEX,ANP,1000) ,BNP(1000) ,ALPNP (1000), CSM0010
1BETNP (1000) , BJNP (100) ,BHNP (100) , 2 cSM0011
CALL ERRSET(208,0,-1,1) csM0012
PIFE=3.181592653589793D0 CcSM0012
FEAD=180.D0/PIE CSMO0014
EPSO=8.85416D-12 CSM0015
VFL=2.9979245€2D8 CSM0016
C **x READ CONTEOL PAFAMETEERS CSM0017
5 FEAD (S,10,END=110) FREQ,EO,TIME, STOPK,NOFG,NOCF CcSM0018
10 FORMAT (4E10.0,215) cSM0019
C *** COMPUTF COMPLEX TIME VARIATION CSM0020
OMEGA=2.D6*PTE*FREQ csM0021
ARG=-OMEGA*TIME CSM0022
CEX=DCMPLX (DCOS (AFG) ,DSIN (AEG)) CcSM0023
C **x READ DIELECTRIC PROPERTY PRAFAMETEERS CSM0024
FEAD(5,20) (EPSP (I),SIGP(I),I=1,NOEG) CSM002¢
20 FORMAT (8E10.0) CSM0026
C #%* COMPUTE COMPLEX PFOPRGATION CONSTANTS cSM0027
FAC1=0OMZGA/VEIL CcsSM0028
DO 30 I=1,NOEG CSM0029
FAC2=FPSP(I)/2.DO0 CSM0030
FAC3=DSQRT (1.D0+ (1.D0/ (EPSO*OMEGA) **2) * (SIGP (I) /EPSP (I)) **2) CSM0031
KEKP=FAC1*DSQRT (FAC2% (FAC3+1.D0)) CcsSM0032
FIMKP=FAC1%*DSQRT (FAC2* (FAC3-1.D0)) CSM0033
PKP (1) =DCMPLX (REKP, FIMKP) CSMO0034 1
30 CONTINUE CSM00325 :
FKP (NORG+1) =DCMPLX (FACY,0.D0) CSM0036 i
C **% READ RADII OF SURFACE BOUNDARIES €SM0037
FEAD(5,20) (SBDP(I),I=1,NORG) CSM0038
DO 35 I=1,NOEG CSM0039
BDP (I)=SBDP (I)/1.02 CSMO040
35 CONTINUE CcSM0041
C **% PRINT OUT TITLE AND BASIC INPUT DATA CSMO0042
WEITE (6,40) PREQ,EC, TIME, NORG CSMO0U43

40 FOFMAT ('*1ELECTROMAGNETIC ENERGY DEPOSITION IN A CONCENTRIC SPHERICCSMOOU4U
1AL MODEL OF THE HUMAN OR ANIMAL HEAD'/'-FREQUENCY =',FS9.2,' MHZ CSMO04E

2  FIELD STRENGTH =!,F7.2,' V/NM TIME =!,F7.2,' SEC NUMBECSMOOUS

3P GF REGIONS =',I3) CcSM0O047
WEITE (6,41) (EPSP(I),I=1,NORG) CSNOOUS8

41 FOEMAT (*ORELATIVE DIELECTRIC CONSTANTS =',9(F7.2,2X)) CSM0089
WRITF (6,42) (SIGP(I),I=1,NORG) CSM0050

42 FOFMAT (*OCONDUCTIVITIES (MHO/M) =',9(F7.3,2X)) CSN0051
WFITE (€,43) (SBDP(I),I=1,NOEG) CSM0052

42 FOPMAT (*OSURFACE BOUNDARIES (CM) =',9(F7.3,2X)) CSM0053

C *x* COMPUTE SEFIES EXPANSION COEFPICIENTS FOR ELECTRIC CSMO0SH4
C #*% FIELDS CcSM0055
CALL COEF (ANP,BNP,ALPNP,BRTNP,NMIN) CSM0056

WKITE (6,45) CSM 0057

45 FORMAT('0°) CSM00S8

DO 70 I=1,NOCH CSM0059

C *#*x RPAD DEFINING CHARACTEKISTICS OP INTERIOR POINTS AT CSM00€0

90
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C **x%

50

C *%x%

C **x%

60

70

90
C *%%
C %%

C **x
C **%

100

110

WHICH ABSORBED-POWER DENSITIES ARE TO BE COMPUTED csSMoo061
READ(5,50)NPEG,R,THETAD, PHID CSM0062
PORMAT (I5,3E10.3) CSNGO0€ES
SAVR=FR csMooeu
P=F/1.D2 CsM0065
THETA=THETAD/RAD CsM0066
PHI=PHIL/PAD C5M 0067
Z=FKP (NREG) *R Cs5M0068
CALL BJYH (BJNP,BHNP,Z,NC,STOPK) CSM0069
NC=NC=2 CcsM0070
IF (NC.GT.NMIN) NC=NMIN CSMoo71
CALL PL(THETA,NC,P,DP) C5M0072

ABSORBED-POWEFR DENSITY AT GIVEN POINT INTEFIOR TO P-TH REGIONCSMO073
CALL EVEC (NREG,PD) CSM0074
PD=.5DO*SIGP (NFEG) *PD CSKo075

PRINT OUT FPARTICULARS OF INTERIOK POINT OF FEGICN P CSM0076
WRITFE (6,60) NREG, SAVR, THETAD,PHID,PD CSM0077
FORMAT (* REGION',I2,' INTERIOR POINT: RADIUS =',F8.32,' CM THETA =CSM0OQ78

1¢,¥7.2,' DEG FHI =',F7.2,' DEG ABSOEBED POWEF DENSITY =',F12.8,°'CSM0079

2 W/M*x3¢) CSM0080
CONTINUE CSM0081
NN=NORG*NMIN CSK¥0082
FAC=2.DO*PIE/ (FAC1*FACY) CSM0083
05=0.D0 CSM0084
QT=0. D0 CSM0085
DO 90 N=1,NMIN CSM0086
FACN=2,D0*N+1.D0 CSM0087
QT=QT+FPACN*DREAL (ALPNP (NN+N) +BETNP (NN+X)) CSM0088
QS=QS+FACN* (CDABS (RLPNP (NN+N) ) **2+CDABS (BETNP (NN+N) ) *%2) CSM0089
CONTINUE CSM0090
QA=FAC* (DABS (QT) -0S) : CSM 0091

TOTAL ABSOKBED POWEF CSM0092
TOTPOW=2. 6544 1D~ 3¥EO**2%QA /2. DO csSM0093
AVEPAGE ABSOFBED-POWER DENSITY CSMO09U
PAVG=TOTPOW/ (4.DO*PIE*BDP (NOKG) **3/3.D0) cSM0095
PRINT OUT AVEFAGE ABSORBED-POWER DENSITY AND TOTAL ABSOPBED CSM0096

POWER CSM0097

WRITE (6,100) PAVG, TOTPOW CSN0098
FORMAT ('0',9X,*AVEFAGE ABSOFBED-POWER DENSITY =9,1PD13.5,' W/M**31CSM000Q
1/%0%,9X,'TOTAL ABSORBED POWER =',D13.5," WATT') CSM0100
GO TO 5 cSM0101
STOP CSM0102
END cSM0103
SUBROUTINE COEF (ANP,BNP,ALPNP,BETNP,NMIN) CSMO0104
GENERATES EXPANSION COEPFICIENTS CSM0105
IMPLICIT PEAL*8 (A-H,0-Z) CSM0106
COMMON FKP,BJNP,BHNP,CEX,BDP,P,DP,SIGP,FO,TIME,R, THETA,PHI,STOPK, CSM0107
1%C,NORG CSM0108
DIMENSION NTEFR(10),BDP(9),SIGP(9),P (101),DP (100) CSM0109
COMPLEX*16 ANP (1000),BNP (1000),ALPNP (1000) ,BETNP (1000) ,BIHPT(1000) CSM0110
1,BJHP2 (1000) ,BJNP (100) , BHNP (100) ,SINP1 (100) ,DELNP,SNT11, CSM0111

2SNT12 ,SNT29,SNT22,TNT11,TNT12,TNT21,TNT22,ETAP1,ETAP2,2EP1,Z2EP2, CSM0O112
3SNP11,SNP12,SNP21,S5NP22,TNP11,TNP12,TNP21,TNP22,DELT,DEL2,FKP (10) ,CSHO113

UWCEX,FATIO,SHNP1(100),2 CsSMO114
COMPUTE EXPANSION COEFFICIENTS AN1,BNY,ANN,BNN,RALPN1,BETN1, CSMO115
ALPNN,BETNN CSMO116

N1=0 csM0117
N2=0 csK0118
Do 15 NR=1,NOFG cSsM0119
Z=FKP (NEk) *BDP (NF) €sSno0120
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10

15

17

CALL BJYH(BJNP,BHNP,Z,N,STOPEK)
Do £ I1=1,N
SJINP1 (I) =BJINP (I)
SHNP1 (I)=BHNP (I)
Z=FKP (NR+1) *BDP (NE)
CAllL BJYH (BJNP,BHNP,Z,NN,STCPR)
NMIN=MINO (N,NN)
NTER (NPR) =NMIN
N2=N2+NMIN
DC 10 I=1,NMIN
BJHP1 (N1+I)=SJNP1(I)
BJHP1 (N2+I)=SHNP1(I)
BJHP2 (N1+4I)=BJNP (I)
BJHE2 (N2+4I)=BHNP (I)
CONTTINUE
N1=N1+2%NMIN
N2=N2+NMIN
CONTINUZ
NMIN=MINN (NTER,NGEG)
NMIN=NMIN-2
DO 17 I=1,NMIN
ALFNP (I)=DCMPLX (0.D0,0.D0)
BETNP (I) =DCMPLX (0.D0,0.D0)
NSUM=NORG*NMIN
DO 30 I=1,NMIN
JJ=0
KK=0
TI1=I+1
T12=2%I+1
SNT11=DCMPLX (1.D0,0.D0)
SNT12=DCMPLX (0.D0,0.D0)
SNT21=SNT12
SNT22=SNT11
TNT11=SNT11
TNT12=SNT12
TNT21=SNT12
TNT?22=SNT11
Do 27 J=1,NOFG
KK=KK+NTER (J)
ETAP1=(II1*BJHP1 (JJ+I)-I*BJHP1(JJ+I+2))/II2
ETAP2=(II1*BJHP2(JJ+I)-I*BJHP2 (JJ+I+2))/I12
ZEP1=(II1*BJHP1 (KK+I)-I*BJHP1 (KK+I+2))/II2
ZEP2= (IT1*BJHP2 (KK+I)~I*BJHP2 (KK+I+2)) /II2
DELNP=BJHP1 (JJ+I+1) *ZCP1-BJHP1 (KK+I+1) *ETAP1
RATTO=FKP (J+1) /FKP (J)
SNP11= (ZEP1*BJHP2 (JJ+I1+1)-FEATIO*BJHPY (KK+I+1) *ETAP2) /DELNP
SNP12=(ZEP1*BJHP2 (KK+I+1)~KATIO*BJHP1 (KK+I+1)*ZEP2) /DELNP
SNP21= (RATIO*BJHP1(JJ+I+1) *ETAP2-ETAP1*BJIJHPZ (JJI+I+1)) /DELNP
SNP22= (RATIO*BJHP1(JJ+1I+1) *ZEP2-ETAP1*BJHP2 (KK+I+1))/DELNP
Z=SNT11
SNT11=SNT11*SNP11+SNT12*SNP21
SNT12=Z*SNP12+SNT12%SNP22
Z=SNT21
SNT21=SNT21*SNP11+SNT22*SNP21
SNT22=2*%*SNP12+SNT22%SNP22
TNP11= (RATIO*ZEP1*BJHP2 (JJ+I+1) -BJHP1(KK+I+1) *ETAP2) /DELNP
TNP1Z=(RATIO*ZFP{1*BJHP2 (KK+I+1)~-BJHP1 (KK+I+1) *ZFEP2) /DELNP
TNP21= (BJHP1(JJ+I+1) *ETAP2-KRATIO*ETAP1*BIJHP2(JJ+I+1))/DELNP
TNP22= (BJHP1 (JJ+I1+1)*ZEP2-RATIO*ETAP1*BJHP2 (KK+I+1)) /DELNP
Z=TNT11
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CcsM0121
csmoi22
CcsM0123
csMo0124
CsSM0125
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csMo129
CsSN0130
CsHo0131
CcsM0132
CSM0133

CsSMO134 -

CsMo13s
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CSM0137
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csMOt4u
CsSM0145
CsMO0146
CEMO147
csMo148
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CSMO0159
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27

30

40

45

TNTI11=TNT11*TNP11+INT12*TNP21
TNT12=2%TNP12+INT1Z2*TNP22

Z=TNT21
TNT21=TNTZ21*TNP11+TINT22*TNP21
TNT22=2 *TNP12+TNT22%TNP22

JJ=JJ+2*NTER (J)
KK=KK+NTEF (J)
CONTINUF
ANP (T)=SNT11- (SNT12%*SNT21) /SNT22
BNP (I)=TNT11- (TNT12*TNT21) /TNT22
LL=NSUM+I
ANP (LL)=DCMPLX (1.D0,0.D0)
BNP (LL) =DCMPLX (1.D0,0.D0)
ALPNP (LL) =-SNT21/SNT22
BETN® (LL) =-TNT21/TNT22
CONTINU®
IF (NOEG.EQ.1) RKETUEN
COMPUTE EXPANSION COEFFICIENTS AN2,...,AN(N=-1);BN2,...,
BN (N-1) ;ALPN2,...,ALPN (N-1) ; BETN2,...,BETN (N-1)
JJ=0
KK=0
MM1=0
MM2=NMIN
NRGM1=NORG-1
DO 45 J=1,NRGM1
KK=KK+NTZE (J)
DO 40 I=1,NMIN
IT1=I+1
IT2=2%I+1
ETAP1= (ZI1*BJHP1 (JJ+I) -I*BJHP1 (JJ+I+2)) /II2
ETAP2= (TTI1*BJHE2 (JJ+I) -I*BJHP2 (JJ+I+2)) /II2
ZEP1= (IT1*BJHP1 (KK+I)-I*BJHP1 (KK+I+2))/II2
ZEP2= (IZ1*BJHP2 (KK+I)-T*BJHP2 (KK+I+2))/II2
DELNP=BJHP1(JJ+TI+1) *ZEP1-BJHP1 (KK+I+1) *ETAP1
RATIO=FKP (J+1) /PKP (J)
SNP11= (ZEP1*BJHP2 (JJ+I+1) ~RATIO*BJHP1 (KK+I+1) *ETAP2) /DELNP
SNP12=(ZEP1*BJHP2 (KK+I+1)-RATIO*BJHP1 (KK+I+1) *ZEP2) /DELNP
SNP21= (FATIO*BJHP1 (JJ+I+1) *ETAP2-ETAP1*%BJHP2 (JJ+I+1))/DELNP
SNP22= (RATIO*BJHP1(JJ+I+1) *ZEP2-ETAP1#BJHP2 (KK+I+1))/DFLNP
DEL1=SNP11*SNP22-SNP12%SNP21
TNP11= (RATIO*ZEP1*BJHP2 (JJ+I+1) -BJHPY (KK+I+1) *ETAP2) /DELNP
TNP12= (PATIO*ZEP1*BJKP2 (KK+I+1) -BJHP1 (KK+I+1) *ZEP2) /DELNP
TNP21= (BJHPY (JJ+I+7) *ETAP2-FATIO*ETAP1*BJHP2 (JJ+I+1)) /DELNP
TNP22= (BJHP1 (JJ+I+1) *ZEP2~RATIO*ETAP1*BJHF2 (KK+I+1)) /DELNP
DEL2=TNP11*TNP22-TNE12*TNP21
NN1=MM1+1
NN2=MM2+1
ANP (NN2) = (ANP (NN1) *SNP22-ALPNP (NN1) *SNP12) /DEL1
BNP (NN2) = (BNP (NN1) *TNP22-BETNP (NN1) *TNP12) /DEL2
ALPNP (NN2) = (=ANP (NN1) *SNP21+ALPNP (NN1) *SNP11) /DEL1
BETNP (NN2) = (~-BNP (NN1) *TNP21+BETNP (NN1) *TNP11) /DEL2
CONTINUZ
JJ=JJ +2*NTEE (J)
KK=KK+NTER (J)
MM1=MM1+NMIN
MM2=MM2+NMTN
CONTINUE
FETURN
END
SURFONUTINE EVEC (NP, PD)
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aan

COMPUTES THE FADIAL,COLATITUDE,AND AZIMUTHAL
COMPCNENTS OF ELECTRIC FIELD VECTOER E FOR
REGION P AND SCALAF PRODUCT E.E*

IMPLICIT EEAL*8 (A-H,0-Z)

COMMON /COEFF/ANP,BNP,ALPNP,BETNP

COMMON FKP,BJNP,BHNP,CEX,BDP,P,DP,SIGP,EO,TIME,R,THETA,PHI,STOPK,

1NC, NORG, NMIN

DIMENSION BDP(9),SIGP(9),P(101),DP(100)

COMPLEX*16 EFAD,ETHETA,EPHI,PKP(10),ANP (1000),BNP (1000),
1ALPNP (1000) ,BETNP (1000) ,BINP (100) ,BHNP (100) ,CEX,T,T1,PEOD
ERAD=DCMPLX (0.D0,0.DO0)

FTHETA=DCMPLX (0.D0,0.D0)

EPHI=DCMPLX (0.D0,0.D0)

NCK=0

NN= (NP-1) *NMIN

DO 40 N=1,NC

FAC1=2.D0*N+1.DO

FAC2=N* (N+1.DO0)

RATIO=FAC1/FAC2

T=FAC1%P (N) * (BNP (NN+N) *BINP (N+1) +BETNP (NN+N) *BHNP (N+1))
NCK=NCK+1

CALL TERM (NCK,T,1)

ERAD=ERAD+T

m=ANP (NN+N) *BJINP (N+1) +ALPNP (NN+N) *BHNP (N+1)

CALL T™ERM (NCK,T,O0)

T1=BNP (NN+N)* ( (N+1.D0) *BINP (N) ~N*BINP (N+2) ) /FAC1+BETNP (NN+N) %
1 ((N+1.D0) *BHNP (N) ~N*BHNP (N+2) ) /FAC1

CALL TERM (NCK,T1,1)
IF((THETA.GE.1.D-6) .AND. (THETA.LT.3.141592D0)) GO TC 20
IF(THETA.GE.3.141592D0)GO TC 10
FTHETA=ETHETA+FAC1/2.D0*T~RATIO*DP (N)*T1
EPHI=EPHI-RATIO*DP (N)*T+FAC1/2.D0*T1

GO TO 30

10 ETHETA=ETHETA+ (-1.D0) ** (N+1) *FAC1/2.D0*T-RATIO*DP (X) *T1

EPHI=EPHI-RATIO*DP (N) *T+ (-1.D0) ** (N+1) *FAC1/2.D0*T1
GO TO 30

20 ETHETR=ETHETR+FEATIO*P (N) /DSIN(THETA) *T-EATIO*DP (N) *T1

EPHI=EPHI-RATIO*DP (N)*T+FATIO*P (N) /DSIN (THETA) *T1

30 IF(NCK.EQ.U4)NCK=0
40 CONTINUE

PROD=EC*CEX
ERAD=-PROD*DCOS (PHI)/ (FKP (NP) *R) *ERAD
ETHETA=PROD*DCOS (PHI) *ETHETA
EPHI=PROD*DSIN (PHI)*EPHI

csM0241
csMOo242
csMo243
csuo244
csMo245
CsM0246
CsSMO0247
csMoz2us
csmo249
CsM0250
CsmM02E1
CsM0252
CsM0253
CSM0254
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CSM0256
csm0257
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CsM0259
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CsM0261
CsM0262
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CsM0266
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CsM0273
csno0274
Csm0275
CsM0276
csM0277
CcsmM0278
Ccsm0279
csM0280
Ccsm0281
csmo282
csm0283
Ccsn0284

PD=DPEAL (ERAD*DCGNJG (EFAD) ) +DREAL (ETHETA*DCONJG (ETHETA) ) +DREAL (EPHCSM 0285

1I*DCONJG (EPHI))
FETURN
END
SUBROUTINE TERM(NCK,T,KEY)
COMPUTES I**NCK* (N-TH TEEM IN SERIES)
IMPLICIT REAL*8 (A-H,0-3)
COMPLEX*16 7
IF(KEY.EQ.1)GO TO 20
GO TO0 (5,10,15,45) ,NCK

20 GO TO (10,15,45,5 ),NCK
S T=DCMPLX (~DIMAG(T),DPEAL (T))

GO TO 45

10 T=-T

GO TO 45

15 T=DCMPLX(DiIMAG(T) ,-DFEAL (T))
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45
C
C
5
10
(C ke
20
25
30
35
40
4s
C
C

RETURN
END
SUBROUTINE BJYH (BJNP,BHNP,Z,NN,STOPR)
GENERATES SPHERICAL BESSEL PUNCTIONS JN(KR) AND YN (KR)
AND SPHERICAL HANKEL FUNCTIONS OF THE PIRST KIND HN (KE)
IMPLICIT REAL*8 (A-H,0-Z)
COMPLEX*16 BJNP (100) ,BYNP (100) ,BHNP (100),QP,2
BYNP (1) ==CDCOS (2) /2
BYNP (2)= (BYNP (1) ~CDSIN(2Z)) /2
po 5 M=3,100
BYNP (M) = (2%M-3) /Z*BYNP (M-1) -BYNP (M- 2)
1P (CDABS (BYNP (M) ) .GE.STOPR) GO TO 10
CONTINUE
IP(M.GT.3)GO TO 25
PRINT OUT ERROR MESSAGE
WEITE (6,20)2

csno0301
csu0302
CsnM0303
CsM0304
csno0305
CSH0306
CSM0307
csno308
csMo309
CSsM0310
CSH0311%
Ccs10312
CSM0313
CSMO314
CsSM0315
CsM0316

FORMAT (' O%***x PROCESS CAN NOT PROCEED SINCE NM2 = 0 FOF 2 =',1P2D1CSM0317

15.7)

sTop

BJNP (M) =DCMPLX (0.D0, 0.D0)

BJINP (M~1)==1.D0/ (Z*Z*BYNP (M))

NM2=M-2 .
DO 30 I=1,NM2

L=M-1

BJINP (L-1) = (2*L-1) /Z*BJINP (L) -BINP (L+1)
CONTINUE

QP=CDSIN (Z)/ (2*BJINP (1))

NM1=M-1

DO 35 N=1,NM1

NN=N

BJINP (N) =QP*BJINP (N)

IF (CDABS (BJNP(N)) .LT.1.D=-25)GO TO 40

CONTINUE

DO 45 I=1,NN

REIJN=DFEAL (BJINP (1))

FIHJN=DIMAG (BJNP(I))

REYN=DREAL (BYNP (I))

FIMYN=DIMAG (BYNP(I))

REHN=REJN-PIMYN

FIMHN=REYN+FIMJN

BENP (I) =DCMPLX (REHN, FIMHN)

CONTINUE

BRETURN

END

SUBROUTINE PL (THETA,N,P,DP)
GENEFATES ASSOCIATED LEGENDRE FUNCTIONS OF THE FIRST
KIND, OFDEE 1 AND DEGREE N, AND THEIR FIRST DERIVATIVES

IMPLICIT FEAL*8 (A-H,0-Z)

DIMENSION P(101) ,DP(100)

SNJ=DSIN (THETA)

CNJ=DCOS (THETA)

P (1)=SNJ

P (2)=3.DO*SNJ*CNJ

CP (1) =CNJ

DO 10 M=2,N

A=N

MP1=M+1

P (MP1)=(2.D0*A+1.D0) /R*CNJ*P (M) - (A+1.D0) /A*P (M~1)

IF((THETA.GE.1.D-6€) .AND. (THETA.LT.3.141592D0))GO TO 5

DP (M) =M*NP1/2
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10

20
30

IF(THETA.GE.3.141592D0) DP (M) = (-1.D0) #*M*DP (M)
GO TO 10
DP (M) = (A*CNJ*P (M) - (A+1.D0) *P (M-1) ) /SNJ
CONTINUT
RETURN
END
PUNCTION MINN (NRAY,N)
DETFEMINES MINIMUM POSITIVE INTEGER VALUE
DIMENSION NEAY (10)
IF(N.EQ.1)GO TO 20
NMIN=NRAY (1)
DO 10 I=2,N
NTEMP=NPRRAY (I)
IF(NTEMP.LT.NMIN) NNIN=NTENP
CONTINUE
MINN=NMIN
GO TO 30
MINN=NRAY (1)
RETURN
END
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